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DNA

Malware

Sensors

Contribution 3: Real World Application Regression

Value Data points
290.507 AGGGCATCATGGAGCTGTCCAG
679.305 ATCACAATTTTGCCGAGAGCGA

1998.715 GTACACCCCGTTCGGCGGCCCA
447.803 CCTTTAGCCCATCGTTGGCCAA

Regression Task
DREAM5 Transcription-Factor,
DNA-Motif Recognition Challenge in 2011[4]

Collection of 86 regression tasks in a biological domain.
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Contribution 2: Data

Byte sequence
Class Data points

+1 C7 01 24 04 5F 0E EA DC 00 E9 D6 4A 00 0C 66 89
+1 74 13 BA EF 01 00 06 68 95 14 88 B7 00 0F 0E EA
-1 08 F9 C8 1A 80 C1 8B 48 40 00 89 51 10 B8 04 00
-1 B8 00 00 00 00 50 E8 D8 00 00 00 83 C4 04 53 FF

Assembly code
.text:00635719 B8 00 00 00 00 mov eax, 0
.text:0063571E 50 push eax
.text:0063571F E8 D8 00 00 00 call loc_6357FC
.text:00635724 83 C4 04 add esp, 4
.text:00635727 53 push ebx
.text:00635728 FF B3 C8 00 00 00 push dword ptr [ebx+0C8h]
.text:0063572E 50 push eax
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Convolution on images vs. time series

(a) The result of a applying an edge detection
convolution on an image

convolution result

sliding
filter

time

discriminative
region

Class-1

Class-2

(b) The result of applying a learned discriminative
convolution on the GunPoint dataset
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The vast majority of papers on 
shape mining use the MPEG-
7 dataset. 
 
 
Visually, they are telling us  : “I 
can tell the difference 
between Mickey Mouse and 
spoon”. 
The problem is not that I think 
this easy, the problem is I just 
don’t care. 
Show me data I care about 
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All our Experiments are Reproducible!All our Experiments are Reproducible!
People that do irreproducible 
experiments should be boiled alive

Agreed! All 
experiments 

in this 
tutorial are 

reproducible

We can take two 
different families of 
butterflies, 
Limenitidinae and 
Danainae, and find 
the most similar 
shape between them

Example 1: Join

Danainae

Limenitidinae

Given two data collections, link items occurring in each

Greta morganeLimenitis reducta

Catuna crithea

Aterica galene

Tellervo zoilus Placidina euryanassa

Danaus plexippus 

Limenitis archippus

Limenitis (subset) Danaus (subset)

Limenitis 
archippus

Danaus 
plexippus 

Greta morganeLimenitis reducta

Catuna crithea

Aterica galene

Tellervo zoilus Placidina euryanassa

Danaus plexippus 

Limenitis archippus

Limenitis 
archippus

Danaus 
plexippus 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2-2 -1.5 -1 -0.5 0 0.5 1 1.5 2-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

*Inferno -- Canto XXIII  29

Why would the two most 
similar shapes also have 
similar colors and patterns? 
That can’t be a coincidence. 
This is an example of 
Müllerian mimicry

.. so similar in 
coloration that I will 
put them both to one*

Viceroy Monarch

Adelpha iphiclus Harma theobene Danaus affinis
Euploea 

camaralzeman

Limenitidinae Danainae

Not Batesian mimicry 
as commonly believed

Photo by Lincoln Brower
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Table 1.1 describes the sequence of notes representation of a fragment of a blues song5.

Key Sequence of notes
G G |G |G |G |C |C |G |G |D |C |G |D

Table 1.1: Fragment of a blues song represented as a discrete sequence of notes, together with
its key

Figure 1.1 describes the time series and frequency representation of the same blues song.

Figure 1.1: Blues song: audio time series (left) and frequency domain (right) representation

1.1 Sequence of Notes Representation of a Song

A song can be represented in di↵erent formats, and some formats are easier to understand than
others. The most common format in western musical notation is the pentagram, which is a set of
five horizontal lines and four spaces that each represent a di↵erent note [4]. A scale is any set of
musical notes ordered by fundamental frequency or pitch Figure 1.2 shows how the sta↵ is used
to place the notes of the scale of C+:

Figure 1.2: Scale in the key of C+

The image above contains all the information required for trained musicians to play the sequence
of notes with temporal information, although musical training is required in order to interpret
the musical piece described previously. An alternative representation more suitable for amateur
musicians is a sequence of notes, in this representation each note is associated a letter. Table 1.2
shows the same scale of C+ expressed as a sequence notes:

Key Sequence of notes
C+ C |D |E |F |G |A |B |C

Table 1.2: Scale in the key of C+, sequences of notes representation

5
https://soundcloud.com/manuel-ignacio-franco-galeano/mix-selection
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Common Approaches: Pattern-based
• Identify predictive patterns (substrings)
• Transform each sequence into a feature vector
• Use classical learning algorithms

Sequence Learning Approaches

Regression or Classification Tasks:
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Other Approaches

Distance-Based Methods [1]
• K-Nearest Neighbours, Support Vector Machines with string kernels
• Generally outperformed by ensembles and deep learning 

Generative Methods [2]
• Hidden Markov Models
• Generally outperformed by ensembles and deep learning 

Deep Learning [3]
• Convolutional Neural Networks, Long Short-Term Memory Networks
• High accuracy, but need large amounts of training data
• Computationally intensive
• Hailed as end-to-end, but actually shift the problem of designing good 

features to designing good architectures

Sequence Learning Approaches
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Pattern-based Methods: mine + learn [4]

Pattern Mining Approaches 
Unsupervised Mining: (1) mine patterns, (2) feature selection, (3) classifier
Supervised Mining: (1) mine discriminative patterns (bound feature quality via 
Information Gain, Chi-square Score), (2) classifier
• Brute-force or add constraints when mining patterns (e.g., min support, closed patterns)
• Memory explodes and redundancy in the features

Integrated Approaches (1)
• Combine mining, selection and learning steps into one algorithm
• Start with empty model (no features selected)
• Iterative Algorithm: 

• Search for good features based on the current model
• Update model

• Overcomes memory/redundancy challenge by selectively exploring features
• High accuracy achieved with efficient linear models

Sequence Learning Approaches
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Integrated Approaches (2)
• Many algorithms developed for learning with graphs, trees, sequences, itemsets
• Key Idea: Efficient search for the next feature to update (branch-and-bound on 

feature quality measure)

• Two Types of Approaches:
• Boosting-based optimization: Kudo-Matsumoto bound on gain, 

e.g.,   AdaBoost [5], gboost [6]
• Direct optimization: bounding the gradient of the loss function, 

e.g., Sequence Learner (SEQL) [7], glearn [8]

This talk: direct optimization to train sparse linear models with 
SEQL-based algorithms [7]

Sequence Learning Approaches



Key Take-Away
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Linear 
Regression

This Talk
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Key Take-Away:
Linear Models with 
Rich Features are
• Accurate
• Efficient
• Interpretable



Key Take-Away

Linear models with rich features are strong competitors 
to very complex models (e.g., ensembles, deep learning)

Rich features = all subsequences as features; combinations of different 
representations

Strong competitors = as accurate as much more complex models (e.g., 
large ensembles, deep learning), but more efficient and easier to 
interpret

Hints:
Deep net: blow up the model, search for good architecture
Linear model: blow up the feature space, search for good features

10



Linear Models for Sequences: Methodology

Linear Model

Linear model: f(x) = βt x,  with β the feature weights (the model) 
and x the feature vector

11



k-mer: Consecutive sequence of k symbols from an alphabet Σ
<ci , ci+1 , …, ci+k-1>  with  ci ∈ Σ; e.g., for DNA, Σ={A,C,G,T}

All k-mers present in the training set are features

Example:

12

k-mer Feature Space

All-Subsequence Feature Space

Sample sequence: GTCCTAATCCTA
1-mer: A, C, G, T (4 possible)
2-mer: GT, TC, CC, CT, TA, . . . (42 = 16 possible)
3-mer: GTC, TCC, CCT, CTA, TAA, . . . (43 = 64 possible)
...

...
8-mer: GTCCTAAT, TCCTAATC, . . . (48 = 65536 possible)
...

...

Binary feature vector

k-mers A AAC G T CC GTCCTAAC CA GTCCTC TTTTTT... ... ... ...
Binary vector 1 11 1 1 1 10 0 0 0... ... ... ...

x and � will become huge!

Insight Centre for Data Analytics 25.04.2018 Slide 5
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Learning Linear k-mer Models with SEQL
Sequence Learning with SEQL

Given:
Training set of labeled examples:

{x
i

, y
i

} for i = 1, . . . ,N

xi 2 Rd with d = number of features

Goal:
Find � = (�1,�2, . . . ,�

d

) , �
i

2 R by optimizing:

�⇤ = arg min
�2Rd

NX

i=0

L(y
i

,�T

x

i

)

Insight Centre for Data Analytics 25.04.2018 Slide 4

Efficiently learn linear model β with the SEQL algorithm: greedy 
coordinate descent (Gauss-Southwell selection) [19]

f(xi) = βt xi



1. Directly optimize loss function in the feature space of all k-mers
2. Start with empty model and iteratively find/select best feature to update
3. Coordinate-wise bound on gradient restricts the search for best feature

Our Approach: SEQL Algorithm

Algorithm 1 Coordinate Descent with Gauss Southwell Selection
1: Set �(0) = 0
2: while termination condition not met do
3: Calculate objective function L(�(t))
4: Find coordinate j

t

with maximum gradient value
5: Find optimal step size ⌘

j

t

6: Update �(t) = �(t�1) � ⌘
j

t

@L
@�

j

t

(�(t�1))e
j

t

7: Add corresponding feature to feature set
8: end while

How do we find coordinate j

t

efficiently?

Insight Centre for Data Analytics 25.04.2018 Slide 6

SEQL Algorithm

15



Coordinate Selection in SEQL
with Gradient Bound [7]
1. For linear models and many loss 

functions, the gradient at a k-mer 
depends on the k-mer occurrence 
in the training sequences

2. K-mer occurrence is anti-
monotonic with k-mer length (i.e., 
occurrence decreases with 
increased length k)

3. Bound the gradient at any k-mer 
using only information about its 
sub-k-mer occurrence

SEQL Algorithm

16



Task and Loss Function:

• SEQL: sequence classification; implements logistic loss and squared hinge loss [7]
• SEQL-SqLoss: linear regression in all-subsequence feature space [9]
• SEQLGBM: general gradient boosting algorithm with SEQL linear models as 

weak models; any differentiable loss functions; classification and regression [10]

Features:

• NSEQL/NSEQLGBM: integrates numeric and all k-mer features to improve the 
accuracy and speed of training linear models [10]

• EmbSEQL: exploits structure in the symbol space to group synonymous symbols, 
e.g., A(B|C)A; uses word/graph embeddings to define symbol groups and to help 
with model interpretability [11] (*Severin Gsponer presents at this workshop)

https://github.com/heerme/seql-sequence-learner
https://github.com/svgsponer/seqlgbm

SEQL-based Algorithms for Sequences
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https://github.com/heerme/seql-sequence-learner
https://github.com/svgsponer/seqlgbm


Evaluation on Sequence Classification
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Protein Classification Benchmark [12]

Classification Task: Predict if protein is soluble/insoluble given its 
primary structure (sequence of 21 amino acids).
• Pharma applications: production of insulin

Size:
Training: 69k sequences (29k soluble, 40k insoluble)
Test: 2k sequences (1k soluble, 1k insoluble)

Sequence length:
Training: avg length: 298.93, max length: 1696, min length: 19
Test: avg length: 296.75; max length: 1697;  min length: 34



Evaluation on Sequence Classification
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Direct vs Boosting-based Methods

Direct optimization:
• SEQL: greedy coordinate-descent [7]
• glearn: greedy block-coordinate descent [8]

Boosting-based optimization:
• SEQLGBM: gradient boosting machine with 

SEQL weak models [10]
• AdaBoost: boosting with decision stumps and 

bound on gain [5]
• gboost: LPboost with decision stumps and 

bound on constraint violation [6]

All above algorithms train linear models in all k-
mer space.

• glearn and gboost have scalability 
issues; lots of fiddling with 
parameters to get any model at all

• AdaBoost more robust, scalability 
issue

• SEQL and SGBM fast to train, can 
run on full benchmark

• All methods have comparable 
accuracy

obtain results at all. Either the learned models were empty, i.e., only an intercept term
was obtained, or the process ran out of memory. As a consequence, we had to manu-
ally try various hyperparameter settings until we found some that work well, which
was somewhat difficult since the range of well working parameters seems rather small.
In the end, we set the regularization parameter � = 0.0025 for glearn and ⌫ = 0.65 con-
trolling the cost of misclassifications for gboost, respectively. The glearn method is also
capable of applying l2 regularization but by setting the l2 parameter to 0 we deactiv-
ated it. Furthermore, for glearn and gboost we had to limit the length of investigated
subpatterns to 10 as well as lower the convergence threshold of glearn to 0.0004.

AdaBoost, on the other hand, was easy to apply and the only hyperparameter to set is
the number of iterations which we fixed to 1000 after we experimented with various
numbers.

The training times of the methods are listed in Table 4.5. We see that our approaches
are significantly faster than glearn and gboost and only takes a third of the training time
AdaBoost requires. As mentioned above, this probably mainly comes down to the
focus on graphs or sequences respectively. It is likely that this difference also comes as
a direct consequence from the different data structures used.

We conclude that, all methods yield comparable results. Nevertheless, the short run
time of the SEQL approaches and the single hyperparameter to set makes them quite
attractive for sequence learning tasks.

Table 4.5: Accuracy, AUROC and training time of SEQL and similar methods on the
protein solubility dataset. The results are obtained by 2-fold cross-validation.

Method Accuracy AUROC Training time

SEQL 0.675 0.75 5 min
SGBM 0.675 0.75 5 min
AdaBoost 0.672 0.75 15 min
glearn 0.661 0.74 664 min
gboost 0.670 0.74 312 min

4.6 Conclusion

In this chapter, we presented two ways to generalize SEQL to arbitrary differentiable
loss functions while keeping its core ability to learn linear models in the space of all
k-mers. The first method keeps the optimization strategy of SEQL but generalized the
gradient bound used. The second method, SGBM, is a gradient boosting machine that
employs regression models, learned by SEQL, as weak models.

69
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Combining Numeric and k-mer Features
• Many tasks have additional domain knowledge captured in numeric features
• NSEQL/NSGBM: First compute the gradient at numeric features to seed the greedy 

search for the best k-mer
• Faster training, higher accuracy

Figure 5.4: Test set accuracy of tuned NSEQL and NSGBMs on the protein solubility
predictions dataset trained with different objective functions.

Table 5.5: Evaluation metrics of various SEQL based algorithms on the protein solubil-
ity prediction task

Algorithm Accuracy MCC Selectivity Selectivity Sensitivity Sensitivity Gain Gain
soluble insoluble soluble insoluble soluble insoluble

NSGBM 0.735 0.483 0.613 0.689 0.614 0.854 1.227 1.377
NSEQL 0.735 0.483 0.614 0.690 0.615 0.855 1.229 1.378
SGBM 0.678 0.365 0.559 0.644 0.560 0.795 1.119 1.287
SEQL 0.673 0.357 0.544 0.638 0.545 0.800 1.089 1.287
LOGREG 0.651 0.356 0.399 0.601 0.390 0.916 0.781 1.207

results of the logistic regression model, further show us that the information captured
in the numerical features alone is not responsible for the increased performance and
that indeed the combination of the two feature spaces matters.

These results show what we expected; the combined feature spaces capture more rel-
evant information and in particular allows to incorporate domain knowledge into the
sequence learner, which has a very positive influence on the quality of classification.

Next, we study the run time of the algorithms. Table 5.7 shows the run time in seconds,
number of learned features and number of iterations for the classifiers. For the boos-
ted algorithms we show the total number of iterations, i.e., the number of boosting
iterations times the number of SEQL iterations.

82

Table 5.6: Evaluation metrics of all our SEQL based algorithms on the protein solubility
prediction task.

Algorithm Accuracy MCC Selectivity Selectivity Sensitivity Sensitivity Gain Gain
soluble insoluble soluble insoluble soluble insoluble

NSGBM2SVM 0.735 0.483 0.613 0.689 0.614 0.855 1.227 1.378
NSEQLREG 0.735 0.483 0.614 0.690 0.615 0.854 1.229 1.378
GBM2REG 0.734 0.482 0.614 0.689 0.615 0.853 1.229 1.378
GBM5REG 0.734 0.484 0.603 0.686 0.604 0.863 1.207 1.371
GBM5SLR 0.732 0.477 0.614 0.688 0.615 0.849 1.229 1.376
GBM1SVM 0.729 0.474 0.601 0.683 0.602 0.856 1.203 1.365
GBM3REG 0.729 0.474 0.596 0.681 0.597 0.860 1.193 1.362
GBM3SVM 0.728 0.473 0.592 0.680 0.593 0.862 1.185 1.358
GBM1EXP 0.727 0.474 0.584 0.677 0.585 0.869 1.169 1.353
GBM3SLR 0.727 0.472 0.590 0.679 0.591 0.863 1.181 1.357
GBM10REG 0.727 0.466 0.612 0.685 0.613 0.841 1.225 1.370
GBM10SVM 0.727 0.472 0.591 0.679 0.592 0.862 1.183 1.357
GBM2EXP 0.727 0.470 0.598 0.681 0.599 0.855 1.197 1.361
GBM10SLR 0.727 0.468 0.602 0.682 0.603 0.850 1.205 1.363
NSEQLSVM 0.726 0.466 0.598 0.680 0.599 0.852 1.197 1.360
GBM5SVM 0.726 0.470 0.584 0.676 0.585 0.866 1.169 1.352
GBM3EXP 0.725 0.470 0.582 0.675 0.583 0.867 1.165 1.350
NSEQLEXP 0.723 0.464 0.579 0.673 0.580 0.865 1.159 1.346
GBM10EXP 0.722 0.466 0.569 0.670 0.570 0.874 1.139 1.340
GBM2SLR 0.722 0.464 0.573 0.671 0.574 0.869 1.147 1.342
SLR 0.721 0.459 0.587 0.675 0.588 0.854 1.175 1.349
GBM1REG 0.721 0.458 0.586 0.674 0.587 0.854 1.173 1.348
NSGBM5EXP 0.721 0.460 0.579 0.672 0.580 0.861 1.159 1.344
GBM1SLR 0.721 0.456 0.592 0.676 0.593 0.848 1.185 1.351

Once again we see the equivalence of the gradient boosted and non-boosted method.
It is striking how similar the number of learned features of the two approaches are and
that even with different objective functions.

In regards of run time, a similar picture is visible. Clearly, the two methods including
the numerical features are faster but between the NSGBM and NSEQL nearly no dif-
ference manifests itself. The run time advantage of the numerical feature enhanced
methods is probably caused by two factors. First, they run for a shorter number of iter-
ations, which means fewer k-mer searches are taking place. Second, each individual k-
mer search can profit from the priming with the largest partial derivative found within

Table 5.7: Run time (in seconds), final model size (number in parentheses shows the
number of selected numerical features), and number of iterations for various SEQL
variants on the protein solubility prediction task.

Method SEQL SGBM NSEQL NSGBM

Runtime (s) 338 318 284 281
# Features 537 539 (43) 461 (39) 462
# Iterations 871 890 811 750

83
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Comparing to SOTA for this Benchmark
• PROSOII: Stacked logistic regression models; 2-mers as features [13]
• PaRSnIP: Gradient Boosted Trees; numeric and up to 3-mer features [14]

• DeepSol: Convolutional Neural Network [15]
• DeepSol1: k-mer features (up to k=15)
• DeepSol3: numeric and k-mer features

• NSEQL and NSGBM: linear models with numeric and all k-mer features
Table 5.10: State-of-the-art results on the protein solubility prediction task.

Algorithm Accuracy MCC Selectivity Selectivity Sensitivity Sensitivity Gain Gain
soluble insoluble soluble insoluble soluble insoluble

DeepSol S3 0.77 0.54 0.81 0.73 0.69 0.84 1.63 1.46
PaRSnIP 0.74 0.48 0.76 0.72 0.70 0.78 1.52 1.45
NSGBM 0.73 0.48 0.61 0.69 0.61 0.86 1.23 1.38
NSEQL 0.73 0.48 0.61 0.69 0.61 0.85 1.23 1.38
DeepSol S1 0.73 0.46 0.75 0.71 0.69 0.77 1.50 1.42
PROSO II 0.64 0.34 0.67 0.68 0.69 0.66 1.33 1.35

As discussed in the previous section, domain knowledge captured in the numeric fea-
tures is crucial for this task. PROSOL II does not make use of any domain knowledge
and its performance is far behind all the others. In fact, its performance also falls short
compared to SEQL without numerical features, showing that SEQL is able to extract
extra information from the k-mer-feature space. If we investigate the models of SEQL
we also see that mostly 3-mers are selected. PROSOL II, in contrast, only considers
2-mers.

Although Deepsol S1 does not include any of the numerical features, it reaches res-
ults comparable to our approaches and to PaRSnIP. Since most of the numerical fea-
tures are based on the primary structure, we suspect that the neural network can ex-
tract the relevant information even without explicitly providing the numerical feature
as input. Nevertheless, even the deep learning approach profits a lot if the numerical
features are explicitly given (Deepsol S1 vs Deepsol S3).

PaRSnIP learns a non-linear model, but from the comparison to our approaches, we
learn that the non-linearity is not necessarily needed to achieve high performance. We
think that our approaches are able to compensate for a lot of the limitations of linear
models with the size of the used feature space. The all-k-mer-feature space is huge and
most data becomes linearly separable in very high dimensional spaces. This is the same
concept that a kernel SVM exploits. However, working in such a high dimensional
feature space also bears the risk of overfitting. The coordinate descent approach of
SEQL and the integrated feature selection mechanism seem to protect these models to
a certain extent against overfitting.

5.3.2 Symbolic Time Series Classification

For our second experiment, we use a subset of the UCR Timeseries Classification
Archive [26] which contains 85 time series classification datasets from different ap-
plication domains (e.g., images, sensors, EEG). To apply our algorithms to time series
we use the same process as we presented in [104]. In particular, we first transform

87

• Linear models are 
comparable in 
accuracy to complex 
(non-linear) models

• NSEQL/NSGBM: Train 
in 5mins on full 
benchmark



Linear Models for Times Series

Time Series Classification with SAXSEQL [16]
Time Series à Discretisation (SAX, SFA) à Symbolic Sequence à SEQL 
algorithm 

https://github.com/lnthach/SAX-SEQL

8 Thach Le Nguyen et al.

4.1 Sequence Learner with Symbolic Representation of Time Series

Figure 4 sketches our approach which is composed of two components: a symbolic representation and a
classifier. The symbolic representation can be either SAX or SFA.

Our core algorithm for classification is Sequence Learner (SEQL) [18]. SEQL was originally designed as a
binary classifier for sequence data such as DNA or text. The algorithm is able to explore the all-subsequence
space by employing a branch-and-bound feature search strategy. Thus it can find a set of discriminative
subsequences in an e↵ective manner. With the symbolic representation of time series, the results can easily
be translated to a set of time series’ discriminative segments. TSC with symbolic representation is not
a new idea, however the most common approach is to build a dictionary directly from the results of the
transformation (usually a bag of symbolic words).

In [13], two adaptations of SEQL were introduced for the TSC task. The first one (SAX-VSEQL)
can learn subsequences from the SAX words while the second one (SAX-VFSEQL) can approximate the
subsequences. The latter was proposed mainly to make the representation less dependent on the symbolic
parameters (l, w, and ↵). As multiple resolutions of a given symbolic representation can create the same
e↵ect, we decided to adapt only the lightweight VSEQL version for our new classifiers. Hence from here on,
we use the name SEQL to refer to the VSEQL TSC classifier from [13].

0.1 0.3 
0.2 0.4

SAX/SFA abbc 
accd

MSEQL

Time Series Data Symbolic
Representation

Classification Model

Fig. 4 SEQL with symbolic representation (SAX or SFA) of time series.

The training input for SEQL is a set of sequences and their labels. The output is a linear mapping
function f : S ! {�1,+1} to predict the label of unseen data. The function f is represented by a parameter
vector � = (�1, . . . ,�

j

, . . . ,�

d

) which minimizes the loss function L(�) using greedy coordinate descent:

�

⇤ = argmin
�2Rd

L(�) (1)
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,�) is the binomial log-likelihood loss:

⇠(y
i

, x
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,�) = log(1 + e

�yi�
T
xi) (3)

The x

i

in Equation (2) and (3) denotes the feature vector of the sequence S

i

(in all-subsequence feature
space) while y

i

denotes its true label (either +1 or �1). On the right hand side of Equation (2), C denotes
the weight and R

↵

(�) denotes the elastic-net regularization. In SEQL the all-subsquence feature space is
not explicitly generated, rather an iterative process is applied to e�ciently search the feature space for the
best feature to be optimized next. The classification decision is computed as f(x) = �

t

x.
The SEQL workflow is shown in Algorithm 2. At each iteration, it searches for the coordinate j of �

which has maximum gradient j = argmax

l

����
@L
@�

l

(�)

����. Since each coordinate corresponds to a subsequence,

this process is translated to finding the most discriminative subsequence in the context of SEQL. The
search is done by navigating the sequence tree starting with the unigrams. The size of a complete tree is the
total number of subsequences, which is normally impractical to traverse. However, SEQL employs a greedy

Algorithm 2 SEQL workflow
1: Initialise the subsequence tree with all unigrams
2: Set � = 0
3: while !termination condition do

4: Explore the subsequence tree to find the best subsequence ŝ with maximum gradient value
5: Update �

6: end while
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MrSEQL: Linear Model with Multiple Representations
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Interpretable Time Series Classification with Multiple Symbolic 
Representations and Linear Models [17]
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Evaluation on Time Series Classification

TSC Benchmark: UCR Archive (85 TSC datasets: images, sensors, video)
Avg Ranking of classification algorithms by Accuracy (left is best)
Top-3 models:  1. MrSEQL: mtSS-SEQL+LR (our method, a linear model)

2. FCN (deep neural network)
3. COTE (ensemble of 35 classifiers)
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Linear Models are Interpretable

Case Study: Human Motion Classification [18]

• Collaboration with Personal Sensing Group@Insight
• Athlete performance testing (Jump motion)
• Data collected in Insight lab with wearable sensor (Shimmer3 on foot)

• 3 classes of jumps: Correct technique (Normal), Aberrant technique (Bending, 
Stumble)

• Prediction Task: given the athlete’s motion, predict jump class
• Explanation: Highlight the time series segments important for the prediction
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Interpretability for Time Series Classification

Case Study: Human Motion Classification
Accuracy: MrSEQL: 97.2% (2min), FCN: 95.5% (2h)
Plot MrSEQL features back to time series 
(red segment important for classification )

22 Thach Le Nguyen et al.

as the varying length of the time series was not supported by the method or attempting to train the
method caused out-of-memory errors. Accuracy was improved for all methods when classifiers were trained
and evaluated with the domain specific cropped signal epochs (Cropped Data). In this circumstance the
WEASEL method produced the highest accuracy, with the mtSAX-SEQL+LR and Random-Forest methods
also performing well. In the final scenario, whereby the cropped signals were all re-sampled to a fixed length
of 500 samples (Cropped and Resampled to Fixed Length), almost all methods achieved a high accuracy.

Table 11 Accuracies of each method compared on raw signals, cropped signals and cropped and re-sampled signals of fixed
length. (-) The algorithm throws out-of-memory error in the experiment. (–) The implementation of the algorithm only
supports fixed length time series.

Data Raw Cropped Cropped and Resampled to Fixed Length

mtSAX-SEQL+LR 0.877 0.944 0.972
WEASEL (-) 0.978 0.983
BOSS (-) 0.749 0.883
BOSS VS 0.542 0.838 0.955
LSTM (–) (–) 0.961
FCN (–) (–) 0.955
SVM 0.592 0.899 0.9
RandomForest 0.603 0.927 0.95
1NN-DTW (–) (–) 0.939

For each classifier evaluated, the interpretability of the method was considered by the domain expert. For
the feature-based methods (SVM and RandomForest) and the other methods performing well (LSTM and
WEASEL) the reasons for successful classification and misclassification were largely unknown. The domain
expert cited a key advantage of the mtSAX-SEQL+LR method to be the ability to visualise the sub-sections
of signals which are pertinent to di↵erentiating the classes. For instance, this approach allows to clearly
highlight the segment of the signal which represents a stumble upon landing (Figure 14). It also identified and
highlighted the exact portion in the signal whereby participants were bending their legs in the air (Figure 14).
This was considered particularly useful when the visualisations were placed side by side to a normal jump.
This allowed the domain expert to quickly understand the di↵erences in acceleration profiles between jumps
completed with acceptable technique and with known deviations from correct technique. Additionally, the
mtSAX-SEQL+LR method was deemed useful for identifying less intuitive di↵erences between classes. For
instance the highlighted portion on the first landing spike in the stumble class (Figure 14) suggests that
when an athlete lands correctly versus when they stumble, there is a di↵erent acceleration profile following
initial contact. This was deemed new insight for the domain expert.

Fig. 14 Three di↵erent motions made by a person in a CMJ test. Signals were cropped and re-sampled to fixed length.
The red-highlighted segments are features selected by the linear classifier mtSS-SEQL+LR and suggest the discriminative
segments of the motion for the respective class.

7.5 Discussion

Whilst many of the methods evaluated in Table 11 produced favourable accuracy results following the pre-
processing steps of cropping the signal to the region representing the jumping motion and then re-sampling
the time series to a fixed length, it is interesting to see that the mtSAX-SEQL+LR method achieved
acceptable accuracy when the classifier was trained and tested on the raw data. This suggests that this
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Figure 11 visualizes the results of the experiment. Indeed, feeding more representations to the classifier
results in more accurate models, with extra cost however. In fact, our method can even achieve lower error
rate than the default configuration. The experiment also suggests that multi-domain models (mtSS) are more
accurate than single-domain models (mtSAX and mtSFA) given the same number of input representations.

6 Interpretability

As described in Section 4, the output of our best SEQL-based algorithm is a linear model (a weighted list of
selected features) which makes interpretation possible. In this section, we focus on classifier interpretation in
the context of TSC, i.e., how can we identify the segments that are important for the classification decision.
Since we visualise the data in the time domain, we only discuss SAX-SEQL-based models here. Regarding
SFA representations, there have so far been no results that report whether SFA classifiers are interpretable.
We visualize SAX sequences by mapping each SAX word back to its corresponding segment in the original
time series. Technically, the same mapping can be done with SFA sequences, but visualising the impact of
such (frequency domain) features in the time domain is not feasible.

6.1 Feature Importance

In our previous study [13], we evaluated the importance of the features selected in the final model by
studying the coe�cients learned by SEQL. Basically, the coe�cient of a feature can imply which class the
feature represents (based on the sign) and how decisive the feature is in the classification decision (based
on the absolute value). For multiple representations, a feature is defined not only by the sequence but also
by its SAX parameters. Table 10 shows some of the features selected by the mtSAX-SEQL+LR algorithm.

Table 10 Top 10 features selected by mtSAX-SEQL+LR from the Gun Point time series dataset.

l w ↵ Coe�cients Subsequences

42 16 4 0.066 cbaab

53 16 4 0.062 db

53 16 4 0.062 ddddb

42 16 4 0.062 da

31 16 4 0.060 bbbbbbbbbbcdddd

53 16 4 �0.054 aaaaaabbbb

20 16 4 �0.054 bbbbaaaaaa

53 16 4 �0.055 bbbcddddd

53 16 4 �0.056 bbbbbbbaaa

53 16 4 �0.061 bbbbbbaaa

6.2 Visualizing SAX Features

Two examples of time series from the Gun Point dataset can be found in Figure 12. The time series records
the motion of the hand when pointing (Point class) or drawing a gun (Gun class). The distinction between
two time series can be observed at both the beginning, where a small bump describes gun-drawing action,
and the end, where a little dip suggests the hand moved past the holster because there is no gun. The
highlighted regions were discovered by our SEQL classifier by mapping the matched features to the raw
time series (Algorithm 7).

Figure 13 presents another two examples from the Co↵ee dataset: one from the Arabica class and one
from the Robusta class. The highlighted regions correspond to the ca↵eine and chlorogenic acid components
of the co↵ee blends [35].

Our discoveries on the Co↵ee and Gun Point datasets have been well-documented by similar studies [21,
11,24]. This suggests that our method is capable to identify the key discriminative regions of the time series.
In the next section, we present a detailed case study in which we study the interpretability of our method
on a real-world problem.
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Conclusion

Linear Models for Sequences and Time Series are strong 
contenders vs more complex models (ensembles, deep learning)

• Accuracy: Can create rich feature space by combining representations
• Efficiency: Can efficiently navigate huge feature space by exploiting its 

structure to bound feature quality (e.g., nested k-mers)
• Interpretation: the learned model is a sparse linear model (a list of weighted 

features); explicit formula for prediction

Future Work:
• Explore more representations for sequences and time series
• Multivariate sequences and time series
• Resource-constraint learning (on device training/prediction)
• From interpretation to explanation: natural language explanation, focus on 

discriminative video segment, user studies
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Check out the group’s research work here:

Google Scholar:
https://scholar.google.com/citations?hl=en&user=MHs3X9YAAAAJ&view_op=list_works&sortby=pubdate

Research Gate:
https://www.researchgate.net/profile/Georgiana_Ifrim/research

Github:
Github code/data for our work:
https://github.com/heerme?tab=repositories
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