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Abstract. Inductionof recursivetheoriesin thenormalILP settingis adif�cult learningtaskwhose
complexity is equivalent to multiple predicatelearning. In this paperwe proposecomputational
solutionsto somerelevantissuesraisedby themultiplepredicatelearningproblem.A separate-and-
parallel-conquersearchstrategy is adoptedto interleave thelearningof clausessupplyingpredicates
with mutually recursive de�nitions. A novel generalityorder to be imposedon the searchspace
of clausesis investigated,in orderto copewith recursionin a moresuitableway. Theconsistency
recovery is performedby reformulatingthe currenttheoryandby applyinga layering technique,
basedon the collapseddependency graph. The proposedapproachhasbeenimplementedin the
ILP systemATRE andtestedon somelaboratory-sizedandreal-world datasets.Experimentalre-
sultsdemonstratethatATRE is ableto learncorrecttheoriesautonomouslyandto discover concept
dependencies.Finally, relatedworksandtheirmaindifferenceswith ourapproacharediscussed.

Keywords: machinelearning,inductivelogicprogramming(ILP), learningrecursivetheories,mul-
tiple predicatelearning.

1. Intr oduction

Recursionis afundamentalconceptin all abstractcomputationmodelswith thesameexpressivepoweras
Turingmachines.It isalsotheonlycontrol�o w mechanismavailablein purelogicprogramming,without
which, few interestingfunctionsmight be actually implemented.Despiteits computationalrelevance,
recursionis rarely handledby inductive learningsystems.Therehasbeenconsiderabledebateon the
actualusefulnessof learningrecursiveprogramsin knowledgeacquisitionanddiscoveryapplications.It
is a commonopinion thatvery few real life conceptsseemto have recursive de�nitions, rareexamples
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being“ancestor”andnaturallanguage[6, 52]. Recursionis consideredmoreusefulin programmingby
examples[3, 4], wherethemain taskis thatof synthesizingprogramsthatcomputeresults,ratherthan
generatingprogramsthatclassifyobservationsasinstancesof oneconceptor another. However, in the
literatureit is possibleto �nd severalotherapplicationsin which recursionhasprovedhelpful, suchas
�nite meshdesign[7], dynamicalsystems[40], planning[31, 64] andautomatedtelephony [66]. In all
thesecases,a patternoccursrepetitively in the sametraining observation,andthe bestway to capture
suchan occurrenceis by meansof recursive programs.The fact that onegenerallydoesnot know in
advancewhetherrecursionis bene�cial or not in a given applicationdomainseemsto justify the use
of moregeneral-purposelearningtechniquesthatcaninducebothrecursive andnon-recursive programs
[23].

Usually, explanationsof recursionarebasedon the ideathat the de�nition of a concept(formally
expressedby eithera function,a procedureor a predicate)is formulatedin termsof thesameconcept.
Although this is often true, suchexplanationsskip thosecasesof mutual recursion in which several
conceptsaremutuallyde�ned. For instance,thefollowing logic program:

odd(succ(X ))  even(X )
even(succ(X ))  odd(X )
even(X )  zero(X )

providesamutuallyrecursivede�nition of oddandevennumbers,althoughnoclause,takenonits own, is
recursive. Thisexampleshows thattheproblemof learningrecursiveprogramsis relatedto theproblem
of learningmultipleconceptde�nitions, andin the�nal analysisthetwo problemsareequivalent.

Thiswork canbeframedin theareaof inductive logic programming(ILP) [49, 12,35,4, 56], which
usescomputationallogic astherepresentationformalismof bothtrainingobservationsandinducedhy-
potheses.Therefore,wewill assumethattheconceptsto belearnedarerepresentedby meansof predicate
symbols,andthattheresultof thelearningprocessis a logical theory.

Most researchin ILP hasfocusedon learningin theso-callednormal(or strongor explanatory) ILP
setting[14, 15]. Given a backgroundtheoryBK, a setof positive examplesE + anda setof negative
examplesE � , in the normal ILP setting,a hypothesisT is sought,suchthat: B K [ T j= E + and
B K [ T 6j= E � . In otherwords,thetheoryT hasto becompleteandconsistentwith respectto theset
of trainingexamples,givenBK.

In this framework, inductive learningof recursive logical theoriesis equivalentto learningmultiple
predicatede�nitions from a set of examples. Recentrenewed interestin learningmultiple predicate
de�nitions [32, 52], justi�ed by theemploymentof ILP systemsin morecomplex tasks,hasinducedus
evenmoreto investigatelearningrecursive theories.

Threeimportantissuescharacterizemultiplepredicatelearningproblems.

i) De Raedtet al. [16] have shown thatlearningmultiple predicatesis moredif�cult thanlearninga
singlepredicate.This is not dueto thefactof having severalpredicatede�nitions to learninstead
of only one;themaindif�culty is thatmultiple targetpredicatesinvolvedin thesamelearningtask
mightbesomeway related,soit is crucialto discoversuchdependencies,while learningpredicate
de�nitions. A wronghypothesisonpredicatedependenciesmayaffect thelearningresults.

ii) A further dif�culty lies in the generalityorder to be usedin multiple predicatelearning. The
orderingtypically usedin ILP, namely� -subsumption[58], is not suf�cient to guaranteethecom-
pletenessandconsistency of learnedde�nitions, with respectto logical entailment[27, 50, 55].
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Therefore,it is necessaryto considera strongergeneralityorder, which is consistentwith the
logicalentailmentfor theclassof logical theorieswe take into account.

iii) Themainproblemsin multiplepredicatelearningcanbeexplainedin termsof animportantprop-
erty of thenormalILP setting: Whenever two individual clausesareconsistentin thedata,their
conjunctionneednot be consistentin the samedata[13]. This is called the non-monotonicity
propertyof the normal ILP setting,1 sinceit statesthat consistency is not preserved by adding
new clausesto a theoryT. Indeed,addingde�nite clausesto a de�nite programenlargesits least
Herbrandmodel(LHM), which maythencover negative examplesaswell. For instance,thetwo
clauses

C1: happy(X )  loves(Y; X ); woman(Y)

C2: woman(Z )  hag(Z )

areindividually consistentwith respectto:

B K = f loves(daisy; donald); loves(amelia; scrooge); hag(amelia); hag(pemphredo)g

E + = f happy(donald); woman(daisy); woman(pemphredo)g

E � = f happy(scrooge)g,

while thelogical theoryT = f C1; C2g is not (B K [ T j= happy(scrooge)). As aconsequenceof
thenon-monotonicityproperty, clausessupplyingpredicateswith multiple de�nitions shouldnot
belearnedindividually but, in principle,they shouldbegeneratedall together.

In orderto overcometheseproblems,De RaedtandLavra�c [15] have proposedworking on a non-
monotonicsettingof ILP, whereclausescan be investigatedindependentlyof eachother, sincetheir
interactionsareno longerimportant. However, this settingproducespropertiesof examplesinsteadof
rulesgeneratingexamples.For instance,thefollowing clause:

C3: loves(Y; X )  happy(X )
which expressesa necessary, but not suf�cient, conditionfor beinghappy, canbegeneratedin thenon-
monotonicsetting.Thiskind of hypothesescannotalwaysbeusedfor predictingthetruthvaluesof facts.
Whenweareinterestedin predictionsthenormalILP settingis moreappropriate.

Several studieson theproblemof learningrestrictedformsof recursive theoriesin thenormalILP
settinghave beenpresentedin theliterature.Cohen[11] provespositive andnegative resultson thepac-
learnabilityof severalclassesof logic theoriesthatareallowedto includea recursive clause.Cameron-
JonesandQuinlan[9] investigatea heuristicmethodfor preventingin�nite recursionin singlepredicate
de�nitions with thesystemFOIL. DeRaedtetal. [16] proposeanalgorithm,namedMPL, thatperforms
a greedyhill-climbing searchfor learningmultiple predicatede�nitions. Giordanaet al. [26] de�ne a
bottom-uplearningalgorithm,calledRTL, that �rst learnsa hierarchical(i.e., non-recursive) theoryT
which is completeandconsistent,andthentries to synthesizea simplerecursive theoryfrom T. Aha
et al. [1] have developeda systemcalledCRUSTACEAN (derived from LOPSTERby Lapointeand
Matwin [34]), which is ableto learnrecursive de�nitions consistingof a unit clauseanda two-literals
recursive clause.PROGOL guidesa top-down generalizationprocesswith a known bottomclauseand
canlearnrecursive clausesby inverting implicationbetweenfunction-freede�nite clauses[51]. Martin

1This propertyshouldnot beconfusedwith otherpropertiesof thealternative non-monotonicILP setting, whosenameis due
to its relationto non-monotonicreasoning.



42 D. Malerba/ LearningRecursiveTheoriesin theNormalILP Setting

andVrain [45] dealwith theproblemof inducingmutuallyrecursivepredicatede�nitions suchthateach
clauseof the learnedtheoryextensionallycoverssomepositive examplesandrejectsthenegative ones.
Bostr̈om[5] proposesanalgorithmthat,undersomeassumptions,correctlyspecializesagivenrecursive
theorywith respectto positive andnegative examples.Idestam-Almquist[29] suggestsa techniquefor
ef�ciently learningrecursive de�nitions includingonebaseclauseandonetail recursive clausefrom a
randomsampleof examples.An iterative bootstrapinductionmethodfor learningrecursive predicate
de�nitions hasbeenstudiedby Jorge and Brazdil [30]. Mo�zur and Numao[48] adopta top-down
approachto learningrecursiveprogramswith only onerecursiveclause.An extensionof MPL to normal
programsis proposedby Fogel andZaverucha[24]. Finally, an interactive multiple predicatelearning
systemcalledLogan-Hhasbeenpresentedin theliterature[32]. A thoroughoverview of achievements
in theinductivesynthesisof recursive logic programscanbefoundin [23].

In this paper, a new approachto theproblemof learningmultiple dependentconceptsis proposed.
It differsfrom otherapproachesfor at leastoneof thefollowing threeaspects:thelearningstrategy, the
generalizationmodel,andthestrategy to recover theconsistency propertyof thelearnedtheorywhena
new clauseis added.Theseideashavebeenimplementedin anew versionof thelearningsystemATRE
[42], whosefull descriptionis reportedin thispaper.

Thepaperis organizedasfollows. Section 2 introducestheissuesrelatedto theinductionof recur-
sive logical theories.Section3 illustratesthe learningstrategy adoptedby ATRE. Section4 is devoted
to thegeneralizationmodelwhoseimplementationis alsosketched.A solutionto theproblemof recov-
eringnon-monotonictheoriesis proposedin Section5. In Section6 theproposedapproachis illustrated
throughthesystemATRE,which is characterizedby anobject-centeredrepresentationof trainingexam-
ples,by theuseof seedobjects,andby theadoptionof classicalnegation.Someexperimentalresultsand
anapplicationto thereal-world problemof understandingmulti-pageprinteddocumentsaredescribedin
Section7. Finally, Section8 concludes,touchesuponrelatedwork anddiscussesideasfor furtherwork.

2. Problemspeci�cation

Henceforth,thetermlogical theorywill denotea setof de�nite clauses.Every logical theoryT canbe
associatedwith a directedgraph
 (T) = hN; E i , calledthedependencygraphof T, in which (i) each
predicateof T is a nodein N and(ii) thereis anarc in E directedfrom a nodea to a nodeb, iff there
existsa clauseC in T, suchthata andb arethepredicatesof a literal occurringin theheadandin the
bodyof C, respectively.

A dependency graphallows representingthepredicatedependenciesof T, wherea predicatedepen-
dencyis de�ned asfollows:

De�nition 2.1.(predicatedependency)
A predicatep dependson a predicateq in a theoryT iff (i) thereexistsa clauseC for p in Tsuchthatq
occursin thebodyof C; or (ii) thereexistsaclauseC for p in T with somepredicater in thebodyof C
thatdependsonq [12].

It is easyto noticethat the direct (i) andindirect (ii) predicatedependenciesof T arerepresented
asarcsandpathsrespectively in 
 (T). This correspondencemay be highlightedby reformulatingthe
problemfrom analgebraicpointof view. Let � (T) bethesetof predicatesoccurringin thelogical theory
T. Thedirect (i) predicatedependenciesin T maybemathematicallydepictedasinstancesof a binary
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relationon � (T), namelyRdpd � � (T) � � (T). ThebinaryrelationRpd for predicatedependenciesis
the transitive closureof Rdpd. Given thateachbinary relationcanbeassociatedwith a directedgraph,
thegraphcorrespondingto Rdpd is just thedependency graph
 (T) = h� (T); Rdpdi .

De�nition 2.2.(recursive theory)
A logical theoryT is recursiveif thedependency graph
 (T) containsat leastonecycle.

In simplerecursive theoriesall cyclesin the dependency graphgo from a predicatep into p itself,
thatis, simplerecursive theoriesmaycontainrecursiveclauses,but cannotexpressmutualrecursion.An
exampleof adependency graphfor a recursive theoryis givenin Figure1.

Figure1. A recursive theoryandits correspondingdependency graphfor thepredicatesoddandeven.

De�nition 2.3.(predicatede�nition)
Let T bea logical theoryandp a predicatesymbol.Thenthede�nition of p in T is thesetof clausesin
T thathavep in their head.

Henceforth,� (T) will denotethe set of predicatesde�ned in T. It is worthwhile to notice that
� (T) � � (T). For instance,with referenceto the theory in Figure 1, � (T) = f even;oddg, while
� (T) = f even;odd;zero;succg.

In aquitegeneralformulation,thelearningtaskin thenormalILP settingcanbede�ned asfollows:

Given

� A setof predicatesp1, p2, . . . , pr to belearned

� A setof positive (negative)examplesE +
i (E �

i ) for eachpredicatepi , 1 � i � r

� A backgroundtheoryBK

� A languageof hypothesesL H thatde�nesthespaceof hypothesesSH

Find
a (possiblyrecursive) logical theory T 2 SH de�ning the predicatesp1; p2; : : : ; pr (that is, � (T) =
f p1; p2; : : : ; pr g) such that for eachi , 1 � i � r , B K [ T j= E +

i (completenessproperty)and
B K [ T 6j= E �

i (consistencyproperty).

Moststudiesontheproblemof inductionof recursivetheorieshaveconcentratedonlearningasimple
recursivepredicatede�nition [9, 29,30,48], thatis asinglepredicatede�nition includingsomerecursive
clause.In thiscase,themainissueis how to guaranteethatlearnedde�nitions areintensionallycomplete
andconsistent.Learningsimplerecursive theoriesis morecomplicated,sinceit is necessaryto discover
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the right orderin which predicatesshouldbe learned[26], that is the dependency graphof the theory.
Oncesuchanorderhasbeendetermined,possiblyusingstatisticaltechniques,theproblemcanbeboiled
down to learningsinglepredicatede�nitions [44]. Thelearningproblembecomesharderfor (mutually)
recursive theories,2 becausethelearningof one(possiblyrecursive)predicatede�nition shouldbeinter-
leavedwith the learningof the otherones. Oneway to build suchinterleaving is by parallel learning
clausesfor differentpredicates.In factthis is thestrategy adoptedby ATRE.

3. The learning strategy

The high-level learningalgorithmin ATRE belongsto the family of sequentialcovering (or separate-
and-conquer) algorithms[47], sinceit is basedonthestrategy of learningoneclauseatatime(procedure
LEARN-ONE-RULE), by removing the coveredexamplesand iterating the processon the remaining
examples. Indeed,a recursive theory T is built stepby step,startingfrom an empty theory T0, and
addinganew clauseateachstep.In thiswayweobtainasequenceof theories:

T0 = ; ; T1; : : : ; Ti ; Ti +1 ; : : : ; Tn = T

suchthat Ti � Ti +1 andall theoriesin the sequenceareconsistentwith respectto the training set. If
wedenotewith LH M (Ti ) theleastHerbrandmodelof a theoryTi , thestepwiseconstructionof theories
requiresthatLH M (Ti ) � LH M (Ti +1 ), for eachi 2 f 0; 1; : : : ; n � 1g. Indeed,theadditionof aclause
to a theorycanonly augmentthe leastHerbrandmodelof the theory. Henceforth,we will assumethat
bothpositiveandnegativeexamplesof predicatesto belearnedarerepresentedasgroundatomswith a+
or - label.SinceexamplesaregroundatomsandHerbrandmodelsaresetsof groundatomsby de�nition,
it is possibleto checkwhetheranexamplebelongsto LH M (Ti ), for eachi 2 f 0; 1; : : : ; ng.

Let pos(LH M (Ti )) and neg(LH M (Ti )) be the numberof positive and negative examplesin
LH M (Ti ), respectively. If we guaranteethat pos(LH M (Ti )) < pos(LH M (Ti +1 )) , for each
i 2 f 0; 1; : : : ; n � 1g andthatneg(LH M (Ti )) = 0, for eachi 2 f 0; 1; : : : ; ng, then,aftera �nite num-
berof steps,a theoryT, which is completeandconsistent,is built. Whetherthe theoryT is “correct”,
that is, whetherit classi�escorrectlyall otherexamplesnot in the training set,cannotbe established,
sinceno informationon thegeneralizationaccuracy canbedrawn from thesametrainingdata. In fact,
the selectionof the “best” theoryis alwaysmadeon the basisof an inductive biasembeddedin some
heuristicfunctionor explicitly expressedby theuserof thelearningsystem(preferencecriterion).

In orderto guaranteethe �rst conditionabove, namelypos(LH M (Ti )) < pos(LH M (Ti +1 )) , we
follow thesameprocedureadoptedin INDUCE [46] andProgol[51]. First, a positive examplee+ of a
predicatep to be learnedis selected,suchthate+ 62LH M (Ti ). Theexamplee+ is calledseed. Then
thespaceof de�nite clausesmoregeneralthane+ is explored,looking for a clauseC, if any, suchthat
neg(LH M (Ti [ f Cg)) = 0. In this way, we guaranteethat thesecondconditionabove holdsaswell.
Whenfound,C is addedto Ti giving Ti +1 . If somepositive examplesarenot includedin LH M (Ti +1 ),
thenanew seedis selectedandtheprocessis repeated.

Themostrelevantnoveltiesof thelearningstrategy sketchedaboveareembeddedin thedesignof the
procedureLEARN-ONE-RULE beingproposed.Indeed,this implementsa parallelgeneral-to-speci�c

2In general,themutualrecursioncannotberemovedby reformulatingatheoryT withoutintroducingadditionalnew predicates.
This alsoexplainstheadditionaldegreeof complexity in learningrecursive theories,with respectto inducingsimplerecursive
theories.
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example-drivensearchstrategy in thespaceof de�nite clauses,whoseordering(calledgeneralizedim-
plication) is explainedin Section4. Thesearchspaceis actuallya forestof asmany search-trees(called
specializationhierarchies) asthenumberof chosenseeds,whereat leastoneseedperincompletepred-
icatede�nition is kept. Eachsearch-treeis rootedwith a unit clauseanda directedarc from a nodeC
to a nodeC0 exists if C0 is obtainedfrom C by a singlere�nementstep. Operatively, the (downward)
re�nementoperatorconsideredin thiswork addsanew literal to aclause.3

The forestcanbeprocessedin parallelby asmany concurrenttasksasthenumberof search-trees.
Eachtask traversesthe specializationhierarchiestop-down (or general-to-speci�c),but synchronizes
traversalwith theothertasksateachlevel. Initially, someclausesatdepthonein theforestareexamined
concurrently. Eachtaskis actuallyfreeto adoptits own searchstrategy, andto decidewhich clausesare
worth testing. If noneof the testedclausesis consistent,clausesat depthtwo areconsidered.Search
proceedstowardsdeeperanddeeperlevelsof thespecializationhierarchies,until at leastoneconsistent
clauseis found.

Tasksynchronizationis performedafterall “relevant” clausesat thesamedepthhavebeenexamined.
A supervisortaskdecideswhetherthesearchshouldcarryon or not,on thebasisof theresultsreturned
by theconcurrenttasks.Whenthesearchhasstopped,thesupervisorselectsthe“best” consistentclause,
accordingto theuser'spreferencecriterion.

Theadvantageof thisstrategy is thatthesimplestconsistentclausesarefound�rst, independentlyof
thepredicatesto be learned.4 Moreover, thesynchronizationallows tasksto save muchcomputational
effort whenthedistributionof consistentclausesin thelevelsof thedifferentsearch-treesis uneven.

Theparallelexplorationof thespecializationhierarchiesfor thepredicatesoddandevenis shown in
Figure2. Supposethattheseedseven(0)andodd(1)areselected.A partialview of thetwo corresponding
specializationhierarchiesis shown in the�gure, whereconsistentclausesarereportedin italics. Levels
refer to the specializationstep. By exploring the two hierarchieslevel by level, ATRE �nds several
candidateclausesto addto theinitial emptytheoryT0. However, thesimplestclause,thatis:

even(X) zero(X)
is found�rst, andis addedto T0, sothebasecaseof recursionis de�ned. To generatethesecondclause,
two new seedsare considered,say even(2)and odd(1). In this case,the �rst two consistentclauses
generatedby thesystemare:

odd(X) succ(Y,X), zero(Y)
odd(X) succ(Y,X),even(Y).
In particular, thegenerationof thesecondclauseis possiblesinceapartialde�nition of evennumbers

hasalreadybeengeneratedin thepreviousstep.Oneof thetwo clauseswill beselectedandaddedto the
theoryT1 = f even(X )  zero(X )g.

It is noteworthy thatbothclausesentailtheonly positiveexampleodd(1), therefore,aselectionof the
mostpromisingclausecanbebasedexclusively onsomeform of searchbiasor userpreferencecriterion.
For instance,thesecondclauseis preferredbecauseit is moregeneralthanthe �rst, given thepartially
learnedtheory (seethe de�nitions of generalityorder in the next section). Anothercritical choiceis
that concerningthe seeds. If the systemhad startedfrom even(2)and odd(1), the �rst clauseadded

3A discussiononpropertiesof thisoperatoris beyondthescopeof thispaper. A thoroughdescriptionof upwardanddownward
re�nementoperatorscanbefoundin [56].
4Notethatin somerecursivede�nitions a recursiveclausecanbesyntacticallysimplerthanthebaseclause.Thismightappear
to causeproblemsin thisstrategy. However, theproposedstrategy doesnotallow thediscoveryof therecursiveclauseuntil the
baseclausehasbeenfound,whatever its complexity is.
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to the theorywould have beenodd(X)  succ(Y,X), zero(Y), thusresultingin a lesscompact,though
still correct,theoryfor odd andeven numbers.Therefore,it is importantto explore the specialization
hierarchiesof severalseedsfor eachpredicate.Whentrainingexamplesandbackgroundknowledgeare
representedeitherassetsof groundatoms(�attenedrepresentation)or asgroundclauses,thenumberof
candidateseedscanbeveryhigh,sothechoiceshouldbestochastic.Theobject-centeredrepresentation
adoptedby ATREhastheadvantageof reducingthenumberof candidateseedsby partitioningthewhole
setof training examplesE into objects. Eachobjectcontainssomeof the seedsfor the generationof
baseclausesin a recursive theory. Sincein many learningproblemsthe sizeof an object is not very
high,a parallelexplorationof all candidateseedsis feasibleandthecomputationalissuereportedabove
is solved.MoredetailsonATRE'sobject-centeredrepresentationaregivenin Section6.

For a comparisonof the proposedsearchstrategy with respectto the othersystemsthat attackthe
problemof multiplepredicatelearningseeSection8.1.

Figure2. Parallelsearchfor thepredicatesoddandeven

4. The generalizedimplication model

A moreprecisede�nition of thesearchspaceof theLEARN-ONE-RULE stageis necessary. We follow
the usualpracticeestablishedin ILP of de�ning a generalityorder (or generalization model), which
providesa basisfor organizingthis searchspace.Indeed,clarifying what is thegeneralityorderis the
�rst steptowardsa reasoneddesignof a learningsystem.

Severalgeneralityordershavebeenreportedin theliterature,themostknownbeingthe� -subsumption
[58]. In the� -subsumption,theobjectsof comparisonaretwo clauses,sayC andD, andno additional
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sourceof knowledge(e.g.,a theoryT) is considered.This is alsotruefor othergeneralityorderlike im-
plication or T-implication[28]. However, comparingtwo de�nite clauses,whatever thegeneralityorder
is, mayleadto incorrectresultsin thecaseof recursive theories.

Example4.1. For instance,with referenceto previousexampleonoddandevenpredicates,theclause
C: odd(X )  succ(Y; X ); even(Y )

logically entails,andhencecanbecorrectlyconsideredmoregeneralthan
D: odd(3)  succ(0; 1); succ(1; 2); succ(2; 3); even(0)

only if we take into accountthetheory:
T: even(A)  succ(B ; A); odd(B )

even(C)  zero(C)

Therefore,we areonly interestedto thosegeneralityorderthatcomparetwo clausesrelativelyto a
giventheoryT, suchasBuntine'sgeneralizedsubsumption[8].

De�nition 4.1.(generalizedsubsumption)
Let C andD betwo de�nite clauseswith disjoint variables:

C: C0  C1; C2; : : : ; Cn

D: D0  D1; D2; : : : ; Dm

C is more general thanD undergeneralizedsubsumptionwith respectto a theoryT, denotedC � T D,
if asubstitution� exists,suchthatC0� = D0 andfor eachsubstitution� thatgroundsthevariablesin D
usingnew constantswhichdonotoccurin C, D , andT, it happensthat:

T [ f D1�  ; D2�  ; : : : ; Dm �  g j= 9(C1; C2; : : : ; Cn )� � .

Operatively, theabove testcanbeperformedby proving that
T [ f D1�  ; D2�  ; : : : ; Dm �  g ` SLD (C1; C2; : : : ; Cn )� �
Informally, generalizedsubsumptionrequiresthattheheadsof C andD referto thesamepredicate,

andthatthebodyof D canbeused,togetherwith thebackgroundtheoryT, to entailthebodyof C.

Example4.2. Let usconsiderthefollowing clauses:
C: even(X )  succ(Y; X ); succ(Z; Y ); even(Z )
D : even(U)  succ(V; U); succ(W; V ); zero(W)

andthefollowing theory:
T: even(A)  zero(A)
Then,thesubstitution� = f X  Ug matchestheheadof C againstthatof D . Moreover, for each

substitution� thatgroundsthevariablesin D (i.e.,U, V andW) usingnew constantswhichdonotoccur
in C, D , andT, it happensthat:

succ(Y; U� ); succ(Z; Y ); even(Z )
canbederivedfrom thede�nite program

1. even(A)  zero(A)

2. succ(V � ; U� )

3. succ(W� ; V � )

4. zero(W� ).
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Thederivationis reportedin Figure3. Therefore,C � T D.

Figure3. SLD resolutionproving thatC � T D. At eachstepboth thenumberof the resolvingclauseandthe
mostgeneraluni�ers arereported.

Unfortunately, generalizedsubsumptionis tooweakfor recursive theories.5

Example4.3. Let usconsiderthefollowing clauses:
C: odd(X )  succ(Y; X ); even(Y )
D : odd(U)  succ(V; U); succ(W; V ); succ(Z; W); zero(Z )

andthefollowing theory:
T : even(A)  succ(B ; A); odd(B )

even(C)  zero(C)
Thesubstitution� = f X  Ug matchestheheadof C againstthatof D . However, if we consider

thefollowing groundingsubstitution� = f U  3; V  2; W  1; Z  0g thefollowing goalclause:
succ(Y; 3); even(Y )

cannotbederivedfrom thede�nite program

1. even(A)  succ(B ; A); odd(A)

2. even(C)  zero(C)

3. succ(2; 3)

4. succ(1; 2)

5. succ(0; 1)

6. zero(0).

Therefore,wecannotconcludethatC � T D, althoughT [ f Cg j= D .

5Informally, an orderis too strongfor a classL of theorieswhenit canbe usedto organizetheoriesof a strictly wider class
L 0 � L , accordingto logical entailment.If theorganizationof theoriesin L is not consistentwith logical entailment,thenthe
orderis tooweak.
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An alternative generalityorder, known asrelativegeneralization, wasproposedby Plotkin [58, 59].
It is at thebaseof thebetterknown Plotkin'sde�nition of relative leastgeneralgeneralization[59].

De�nition 4.2.(relativegeneralization)
Let H be a setof clauses,T a setof unit clauses(or a conjunctionof atoms)andD a de�nite clause.
H is more general thanD givenT, if andonly if onecanderive a de�nite clauseC by resolutionfrom
T[ H which � -subsumesD, andall resolutionsin thederivationof C involveaclauseof T.

Buntine[8] reportsanextensionof Plotkin's relativegeneralization to thecaseof a theoryT com-
posedof de�nite clauses(notnecessarilyunit clauses).

De�nition 4.3.(relativegeneralization)
Let C andD be two de�nite clauses.C is more general than D underrelative generalization,with
respectto a theoryT, if asubstitution� existssuchthatT j= 8(C� ) D ).

Thefollowing theoremholdsfor thethisextendednotionof relativegeneralization:

Theorem4.1. Let C andD be two de�nite clausesandT a logical theory. C is moregeneralthanD
underrelative generalization,with respectto T, if andonly if C occursat mostoncein somerefutation
demonstratingT j= 8(C ) D).

However, this extendednotion of relative generalizationis still inadequate.From one side, it is
still weak. Indeed,if we considerthe clausesandthe theoryreportedin example4.1, it is clearthat a
refutationdemonstratingT j= 8(C ) D) involvestwice theclauseC to provebothodd(1) andodd(3).
On the otherside,this notion is too strongfor our goals. Taken literally, it would leadus to consider
unintuitivesolutionsof theconquerstageasillustratedin thefollowing example.

Example4.4. Let usconsiderthefollowing trainingset:
+: f p(a); p(b)g
� : f p(c)g

thefollowing backgroundknowledge:
B K : f q(a); r (a; b); s(b); r (c;b)g

andthefollowing incompletetheorybuilt at the�rst step:
T1: p(X )  q(X ).
Let p(b) be the selectedseed. A desirablesearchspaceof clausesmoregeneralthanp(b), given

B K [ T1, wouldbethesetof clauseswhoseheadis p(X ), sinceouraimis to induceapredicatede�nition
for p. Thisspacecontains,for instance,theclausep(Z )  s(Z ). However, thespaceof clausesthatare
relatively moregeneralthanp(b) givenB K [ T1 includesothersolutions,suchasq(Y )  s(Y ). This
lastclauseis correctandevenrelatively moregeneralthanp(Z )  s(Z ).6 Neverthelessit is not intuitive
becauseit doesnot seemto berelatedto the targetpredicatep. Moreover, this solutionis not coherent
with our formulationof thelearningproblem,sinceq is de�ned in thebackgroundknowledgeanddoes
not appearamongthepredicateswhosede�nition hadto be induced.In this work, we do not consider
thesesolutions,which wouldmake themultiplepredicatelearningproblemsevenharder to solve.

6Indeed,givenT = B K [ T1 and� = f Y  Z g, it canbeproventhatT j= 8(q(Z )  s(Z )) ) (p(Z )  s(Z )) , which is
equivalentto proving thatT [ 8f q(Z )  s(Z )g j= 8(p(Z )  s(Z )) .
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This restrictionis re�ectedby anew ordering,namedgeneralizedimplication.

De�nition 4.4.(generalizedimplication)
Let C andD be two de�nite clauses.C is more general than D undergeneralizedimplication, with
respectto a theoryT, denotedasC � T;) D, if a substitution� existssuchthathead(C)� = head(D)
andT j= 8(C ) D).

This generalityordercanbe proved to be strictly strongerthangeneralizedsubsumptionsincethe
conditionT j= 8(C ) D) in De�nition 4.4entailstheconditionT [ f D 1�  ; D2�  ; : : : ; Dm �  g
j= 9(C1; C2; : : : ; Cn )� � in De�nition 4.1.7 In view of Theorem4.1 generalizedimplicationreducesto
generalizedsubsumptionwhen C comparesonly at the root of the refutation demonstrating
T j= 8(C ) D). Moreover, thefollowing propertieshold.

Proposition4.1. Let C, D andE be de�nite clausesandT be a theory. The generalizedimplication
ordersatis�esthepropertiesof:

i) re�exivity: C � T;) C

ii) transitivity: C � T;) D andD � T;) E, thenC � T;) E

Proof:
i) Trivial if theemptysubstitutionis chosen.
ii) By de�nition, a substitution� 1 exists suchthat head(C)� 1 = head(D) and T j= 8(C ) D),
anda substitution� 2 exists suchthat head(D)� 2 = head(E) andT j= 8(D ) E). Let � = � 1� 2

be the substitutionobtainedby the compositionof � 1 and � 2. Then head(C)� = head(C)� 1� 2 =
head(D)� 2 = head(E). Moreover, from T j= 8(C ) D) andT j= 8(D ) E), T j= 8(C ) E)
follows. ut

It canalsobeprovedthat thesemi-decidabilityof thegeneralizedimplication,namelythetermina-
tion of thegeneralizedimplicationtest,is guaranteedwhenC � T;) D. However, suchanegative result
is overcomewhenDatalogclauses[10] areconsidered.In fact, the restrictionto function-freeclauses
is commonin ILP systems,which remove function symbolsfrom clausesandput them in the back-
groundknowledgeby techniquessuchas�attening [61]. This transformationdoesnot causeproblems
in handlingnumericdata,aswewill show in Section6.

4.1. Implementing generalizedimplication test

A naive implementationof the generalizedimplication test is obtainedby testingthat head(C)� =
head(D) for some� and then by computingthe leastHerbrandmodelsof f Cg [ T and f Dg [ T:
C � T;) D if and only if LH M (f Dg [ T) � LH M (f Cg [ T). Sincethe leastHerbrandmodel

7Let � bea substitutionthatuni�es theheadsof C andD . Sincethe implication is monotone,with respectto theapplication
of a substitution,T j= 8(C ) D ) entailsT j= 8(C� ) D � ). Moreover, it is suf�cient to considerthe logical equivalence
betweenC� ) D � and: D � ) : C� , andthetheoremstatingthatproving T j= 8(: D � ) : C� ) is equivalentto proving
T [ f: D � g j= 8: C� .



D. Malerba/ LearningRecursiveTheoriesin theNormalILP Setting 51

of a theoryT coincideswith the least�x ed point of the immediateconsequenceoperator� T ,8 we can
computetheleastHerbrandmodelsoperatively.

De�nition 4.5.(immediateconsequenceoperator)
Let gr ound(T) bethesetof all groundinstancesof clausesin T. GivenaHerbrandinterpretationI , that
is a setof groundatomsbuilt on thesamealphabetof T, theimmediateconsequenceoperatorcomputes
thefollowing interpretation:

� T (I ) := f H j H  B1; : : : ; Bm 2 gr ound(T), f B1; : : : ; Bm g � I g

It canbeshown that,for setsof de�nite clause,thein�nite sequenceof interpretationscomputedby
theiterativeapplicationof theimmediateconsequenceoperator:

� T " 0 := ;
� T " 1 := � T (; )
� T " 2 := � T (� T (; ))
: : :
� T " i := � T (� T :::� T| {z }

i

(; ))

: : :
convergesto LH M (T), which is the least�xpoint of � T [39]. Notationally, � T " 1 := LH M (T).
Moreover, theconvergenceto the�xpoint in a �nite numberof iterationsis guaranteedby the�niteness
of theHerbrandbasefor Datalogtheories.

Onecauseof inef�ciency in the naive evaluationis that groundfactsin LH M (T) may be com-
putedmany times during the iterative applicationof � T . Semi-nä�ve evaluationpartially overcomes
this redundancy by partitioning T into n layers, such that T = T 0 [ : : : [ T i [ : : : [ Tn� 1 and
LH M (T) = LH M (LH M (

S
j =0 ;:::;n � 2 T j ) [ Tn� 1). Actually, moreef�cient methodsthanthesemi-

nä�veoneproposedin thissectionarereportedin theliterature.They havebeenmostlydevelopedin the
context of bottom-upevaluationof queriesin deductivedatabases[10, 60]. However, themainobjective
of ourproposalis thatof introducingsomeimportantpropertiesof layeredtheories,which will beuseful
in thenext sectionon recoveringtheconsistencyof a theory.

It is worthwhilenoticingthatthecomputationof LH M (LH M (
S

j =0 ;:::;i � 1 T j ) [ T i ) is equivalent
to theiterative applicationof theimmediateconsequenceoperatorto T i , startingfrom theinterpretation
LH M (

S
j =0 ;:::;i � 1 T j ), thatis � T i (LH M (

S
j =0 ;:::;i � 1 T j )) . In this way, clausesin T 0 [ : : : [ T i � 1 are

no longerconsideredwhencomputingthelogical consequencesof T i .

Example4.5. Let T 0bethefollowing theory:
C1: p(X )  q(X )
C2: q(Y )  r (X ; Y )

and
B K : f q(a); r (a; b); s(b); r (c;b)g.
Let ussupposethat the theoryT = B K [ T 0 maybepartitionedasfollows: T = T 0 [ T1 [ T2,

whereT0 = f r (a; b); s(b); r (c;b)g, T 1 = f q(a); C2g andT2 = f C1g.
Indeed,LH M (T) = f q(a); r (a; b); s(b); r (c;b); q(b); p(a); p(b)g, and

8The standardnotationusedin logic programminganddeductive databasesfor the immediateconsequenceoperatoris TP ,
whereP is the logic programor the Datalogprogram. Henceforth,the operatorwill be denotedby � T , in order to avoid
confusionwith thesymbolT usedfor thelogical theories.
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LH M (T0) = T0

LH M (T0 [ T1) = LH M (LH M (T0) [ T1) = LH M (T0 [ T1) =
= f r (a; b); s(b); r (c;b); q(a); q(b)g = � T 1 (f r (a; b); s(b); r (c;b)g) = � T 1 (LH M (T0))
LH M (T0 [ T1 [ T2) = LH M (LH M (T0 [ T1) [ T2) =
= LH M (f r (a; b); s(b); r (c;b); q(a); q(b)g[ f C1g) = f r (a; b); s(b); r (c;b); q(a); q(b); p(a); p(b)g =
= � T 2 (f r (a; b); s(b); r (c;b); q(a); q(b)g) = � T 2 (LH M (T0 [ T1))
Noticethataccordingto theclassicaliterativeapplicationof theimmediateconsequenceoperatorthe

groundatomsp(a) andq(b) wouldbecomputedbothin � T " 2 and� T " 3, since:
� T " 0 := ;
� T " 1 := � T (� T " 0) = B K
� T " 2 := � T (� T " 1) = B K [ f p(a); q(b)g
� T " 3 := � T (� T " 2) = B K [ f p(a); q(b)g [ f p(a); q(b); p(b)g.

Issues related to the problem of �nding layers of a recursive theory T such that
LH M (T) = LH M (

S
j =0 ;:::;n � 1 T j ) = LH M (LH M (

S
j =0 ;:::;n � 2 T j ) [ Tn� 1) areto bedealtwith.

Dif�culties arisebecausethe dependency graph
 (T) is a directedcyclic graph. In order to remove
cyclesfrom 
 (T) we resortto thenotionof thestronglyconnectedcomponentof adirectedgraph[37].

De�nition 4.6.(strongly connectedcomponent)
Two verticesof adirectedgraphG, v1 andv2, aresaidto bestronglyconnectedif thereis adirectedpath
from v1 to v2 andadirectedpathfrom v2 to v1.

It canbe proven that a directedgraphG = hV; E i canbe decomposedasan “acyclic graph” of
stronglyconnectedcomponentsin O(jV j+ jE j) time. Theresultof thisdecompositionis calledcollapsed
dependency graph.

De�nition 4.7.(collapseddependencygraph)
Let 
 (T) bethedependency graphof a logical theoryT. Thecollapseddependencygraphof T, denoted
as 
̂ (T), is a directedacyclic graph(dag),obtainedby collapsingeach(maximal)stronglyconnected
componentof 
 (T) into asinglenode.

Nodesin 
̂ (T) areequivalenceclasseswith respectto thestrongconnectivity relation. Thus,given
alsothe propertiesof dag's, it is easyto computethe level of a predicatep 2 � (T) asthe maximum
distanceof [p] from aterminalnodein 
̂ (T), whereterminalnodesarenodeswith noout-comingedges.

De�nition 4.8.(predicatelevel)
Let 
̂ (T) bethecollapseddependency graphof a logical theoryT. Thelevel of a predicatep 2 � (T) is
givenby:

level(p) =

(
0 if [p] is a terminalnodein 
̂ (T)

1 + maxf level(q)jq 2 � (T) and[q] is achild of [p] in 
̂ (T)g otherwise

Any logical theorycanbelayeredon thebasisof thelevel of its predicates.

De�nition 4.9.(layered theory)
Let 
̂ (T) be the collapseddependency graphof a logical theoryT. ThenT canbe partitionedinto n
disjoint setsof clausesT = T 0 [ : : : [ T i [ : : : [ Tn� 1, calledlayers, suchthat

8i 2 f 0; : : : ; n � 1g : � (T i ) = f p 2 � (T)j level(p) = ig.
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It is worthwhileobservingthatsucha techniquefor the layeringof a logical theoryinducesa total
orderon thelayers,T 0 � : : : � T i � : : : � Tn� 1.

Example4.6. Let T bea theoryobtainedby theunionof abackgroundknowledge
B K : f f (a); s(a;b); s(b;c); s(c;d); s(d;e)g

anda theoryT0consistingof
C1: p(X )  f (X )
C2: q(Y )  p(Z ); s(Z; Y )
C3: p(U)  q(V ); s(V; U)
GivenT = B K [ T0, then� (T) = f f ; s; p;qg, while 
 (T) is thefollowing:

p $ q

# & #

f s

Thustheequivalenceclasseswith respectto strongconnectivity are[f ], [s], and[p, q], and
̂ (T) is
thefollowing graph:

[p, q]

. &

[f ] [s]

with level(f ) = level(s) = 0 andlevel(p) = level(q) = 1. Therefore,two layersT 0 = B K and
T1 = T0areextracted.

Thefollowing propositioncanbeproved.

Proposition4.2. Let T bealogicaltheorywhichhasbeenpartitionedinto n layers,T = T 0[ : : :[ Tn� 1,
andH bea groundatomwith predicatesymbolp 2 � (T k ), k = 0; : : : ; n � 1. ThenH 2 LH M (T), if
andonly if H 2 LH M (LH M (

S
r =0 ;:::;k� 1 T r ) [ T k ).

Proof:
() ) Let H 2 LH M (T). For the�x-point theorem,9i > 0, suchthatH 2 � T " i , that is, by de�nition
of immediateconsequenceoperator, a groundclauseof T exists, H  A 1; : : : ; Am 2 gr ound(T),
whereA j 2 � T " (i � 1), j = 1; 2; : : : ; m. Sincep 2 � (T k ) thenH  A1; : : : ; Am 2 gr ound(T k ).

Theproof is by inductionon thelayerk.

k = 0 We want to prove thateachA j 2 LH M (T0), from which H 2 LH M (T 0) follows. Theproof
continuesby inductionon theiterationstepi .

i = 1 SinceH 2 � T " 1, thenH 2 T, thatis, H is agroundfactof thetheoryT. Morespeci�cally,
H 2 T0, thereforeH is in theLH M (T 0).

i > 1 EachA j 2 � T " (i � 1), thereforeA j 2 LH M (T). From the constructionof the layers
it follows that eachA j is a groundatomwith predicatesymbol � (A j ) � � (T0). By the
inductionhypothesiseachA j 2 LH M (T0), j = 1; 2; : : : ; m.
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k > 0 We want to prove that each A j 2 LH M (LH M (
S

r =0 ;:::;k� 1 T r ) [ T k ), from which
H 2 LH M (LH M (

S
r =0 ;:::;k� 1 T r ) [ T k ) follows. The proof continuesby induction on the

stepi .

i = 1 SinceH 2 � T " 1, thenH 2 T, thatis, H is agroundfactof thetheoryT. Morespeci�cally,
H 2 T k , therefore H is in the LH M (T k ), and more generally H is in
LH M (LH M (

S
i =0 ;:::;k� 1 T i ) [ T k ), sincetheadditionof a setof clauses(i.e., theground

clausesLH M (
S

i =0 ;:::;k� 1 T i ) ) to a theoryT k canonly augmenttheleastHerbrandmodel
of thetheory.

i > 1 From the constructionof the layersit follows that eachA j is a groundatom with predi-
catesymbol � (A j ) � � (T r ), for somer � k. Moreover, A j 2 � T " (i � 1), there-
fore A j 2 LH M (T). By both inductive hypotheses(on k andi ), we may saythat A j 2
LH M (LH M (

S
r =0 ;:::;k� 1 T r ) [ T k ), for eachj = 1; 2; : : : ; m, and then concludethat

H 2 LH M (LH M (
S

r =0 ;:::;k� 1 T r ) [ T k ).

(( ) Let H 2 LH M (LH M (
S

r =0 ;:::;k� 1 T r ) [ T k ). In particular, if H 2 LH M (
S

r =0 ;:::;k� 1 T r ),
then H 2 LH M (T), since

S
r =0 ;:::;k� 1 T r � T . Otherwise,H is obtainedby applying iteratively

the immediateconsequenceoperator� T k , startingwith the interpretationLH M (
S

r =0 ;:::;k� 1 T r ) �
LH M (T), that is, H 2 � T k (LH M (

S
r =0 ;:::;k� 1 T r )) " 1 . Since� T k is monotoneand T k � T ,

� T k (LH M (
S

r =0 ;:::;k� 1 T r )) " 1 � � T k (LH M (T)) " 1 = LH M (T). ThereforeH 2 LH M (T).
ut

This propositionstatesthat a necessaryandsuf�cient condition for a groundatomwith predicate
symbol p 2 � (T k ) being in LH M (T) is that H is computedby iteratively applying the immediate
consequenceoperator� T k , startingwith theinterpretationLH M (

S
r =1 ;:::;k� 1 T r ). Proposition4.2can

beusedto prove thefollowing theoremon theleastHerbrandmodelof a layeredtheory.

Theorem4.2. Let T beatheorywhichhasbeenpartitionedinto n layersaccordingto thecriteriongiven
in De�nition 4.9.Then

8n � 1: LH M (T) = LH M (LH M (
S

r =0 ;:::;n � 2 T r ) [ Tn� 1).

Proof:
() ) Let P0; P1; : : : ; Pn� 1 beapartitionof LH M (T), suchthateachP i , i = 0; : : : ; n� 1, containsonly
ground atoms with a predicate symbol in � (T i ). From Proposition 4.2 it follows that
P i � LH M (LH M (

S
j =0 ;::;i � 1 T r ) [ T i ) and

LH M (T)=P0 [ P1 [ : : : [ Pn� 1

� LH M (T0) [ LH M (LH M (T0) [ T1) [ : : : [ LH M (LH M (
S

j =0 ;:::;n � 2 T r ) [ Tn� 1)
= LH M (LH M (

S
j =0 ;:::;n � 2 T j ) [ Tn� 1),

sinceLH M (
S

j =0 ;:::;i � 1 T j ) � LH M (LH M (
S

j =0 ;:::;i � 1 T j ) [ T i ):
(( ) Let H be in LH M (LH M (

S
j =0 ;:::;n � 2 T j ) [ Tn� 1). If H 2 LH M (

S
j =0 ;:::;n � 2 T j ) thenH 2

LH M (T), since
S

j =0 ;:::;n � 2 T j � T . Otherwise,H is obtainedby applyingiteratively the immediate
consequenceoperator� T n � 1 , startingwith theinterpretationLH M (

S
j =0 ;:::;n � 2 T j ) � LHM(T), thatis,

H 2 � T n � 1 (LH M (
S

j =0 ;:::;n � 2 T j )) " 1 . Since � T n � 1 is monotone and T n� 1 � T ,
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� T n � 1 (LH M (
S

j =0 ;:::;n � 2 T j )) " 1 � � T n � 1 (LH M (T)) " 1 � � T (LH M (T)) = LH M (T). There-
foreH 2 LH M (T). ut

To sum up the procedure,the layering of a theory provides a semi-naive way of computingthe
generalizedimplicationtestpresentedabove. Theimportanceof layeringwill bemoreevidentwhenthe
problemof recoveringconsistency is dealtwith (seenext section).

5. The consistencyrecovery strategy

Another learningissueto be consideredin multiple predicatelearningis the non-monotonicityof the
normalILP setting:Whenever two individual clausesareconsistenton thedata,their conjunctiondoes
not needto be consistenton the samedata[13]. Algorithmic implicationsof this propertymay be
effectively illustratedby meansof anexample.

Example5.1. Let the following setsbe positive examples,negative examplesandbackgroundknowl-
edgerespectively:

+: f p(5),q(1), q(4)g
-: f p(3); q(3)g
B K : f f (3),g(0); g(1); s(0; 1); s(1; 2); s(2; 3); s(3; 4); s(4; 5)g

Let ussupposethatthefollowing consistent,but notcomplete,recursivetheoryT2 hasbeenlearnedafter
two conquerstages:

C1: q(X )  s(Y; X ); f (Y )
C2: p(Z )  s(W; Z ); q(W)

NotethatC1 � f C2g[ B K ;) f q(4)g, andC2 � f C1g[ B K ;) f p(5)g, thatis T2 explainstwo positive exam-
plesq(4) andp(5) givenB K . SinceT2 is incomplete,thelearnerwill generateanew clause,say

C: q(U)  s(V; U); g(V )
which is consistent(it entailsq(1) andq(2), givenT2 [ B K ), but whenaddedto therecursive theory, it
makesclauseC2 inconsistent(C2 � f C1;Cg[ B K ;) f p(3)g).

Thereare several ways to remove suchinconsistency by revising the learnedtheory. Nienhuys-
ChenganddeWolf [54] describeacompletemethodof specializinga logic theorywith respectto setsof
positive andnegative examples.Themethodis baseduponunfolding,clausedeletionandsubsumption.
Theseoperationsarenotappliedto thelastclauseaddedto thetheory, but mayinvolveany clauseof the
inconsistenttheory. As a result,clauseslearnedin the �rst inductive stepscouldbe totally changedor
evenremoved.This theoryrevisionapproach,however, is notcoherentwith thestepwiseconstructionof
thetheoryT presentedin Section3, sinceit re-opensthewholequestionof thevalidity of clausesadded
in theprevioussteps.An alternative approachconsistsof simplesyntacticchangesin thetheory, which
eventuallycreatesnew layers in a logical theory, just asthe strati�cation of a normalprogramcreates
new strata[2].

Ourrecoverystrategy proposalfollowsthelatterapproach,sinceit is basedonthelayeringtechnique
illustratedin Section 4.1(seeDe�nition 4.9).

Example5.2. In thepreviousexample,it is possibleto de�ne only threelayersfor T2 [ B K (seeFig-
ure4):
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1 T0 = B K with � (T0)=f f , g, sg,

2 T1 = f C1; Cg with � (T1)=f qg, and

3 T2 = f C2g with � (T2)=f pg.
By reformulatingC1 andC2 asfollows:
C0

1: q0(X )  s(Y; X ); f (Y )
C0

2: p(Z )  s(W; Z ); q0(W)
andby addingthefollowing two clauses:

C3: q(A)  q0(A)
C: q(U)  s(V; U); g(V )

thenew theoryT0
2 will presentthreedifferentlayers:

1: T00 = B K with � (T00)=f f , g, sg,

2: T01 = f C0
1g with � (T01)=f q0g, and

3: T02 = f C0
2; C3; Cg with � (T02)=f q, pg.

It is easyto seethatthetheoryT 0
2 is consistent.

Figure4. Collapseddependency graphfor T2 andT0
2.

Dueto theoryrestructuring,thenumberof layersmayincrease,asprovedby thefollowing proposi-
tion.

Proposition5.1. Let T be a consistenttheorypartitionedinto n layers,T = T 0 [ : : : [ T i [ : : : [
Tn� 1 andC bea de�nite clausewhoseadditionto thetheoryT makesa clausein T i inconsistent.Let
p 2 f p1; p2; : : : ; pr g bethepredicatein theheadof C, thatis � (f Cg) = f pg. Let T 00beatheoryobtained
from T by substitutingall occurrencesin T of thepredicatep with a new predicatesymbolp0. Thenthe
theoryT0 = T00[ f p(t1; : : : ; tn )  p0(t1; : : : ; tn )g [ f Cg hasa numberof layersgreaterthanor equal
to T.

Proof:
Obviously, if theadditionof C to T makesT i inconsistentthenp is representedin thecollapseddepen-
dency graph
̂ (T). Let l be the level(p) in 
̂ (T). Sincep0 replacesp in T, it hasthe samelevel of p
beforetheoryrestructuring,namelylevel(p0) = l in 
̂ (T0). Moreover, level(p) > level(p0) in 
̂ (T0). If
l equalsthemaximumlevel of a nodein 
̂ (T), thenthenew theoryT 0hasa predicateat a greaterlevel,
that is, thenumberof layersin T 0 increases.Conversely, thelevel of all predicatesq dependingon p in
T caneitherincrease,becauseof thebreakingof equivalenceclasses,or remainstable. ut
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f Pre-conditions: T is consistentwith respectto E ; C is consistentwith respectto E givenT;
� (f Cg) � f p1; p2; : : : ; pr gg
procedure verify global consistency(C, T, E)

partitionthetheoryT into T 0 [ : : : [ T i [ : : : [ Tn� 1

partitionE into E 0[ . . . [ E i [ . . . [ E n� 1 suchthatE i containsinstancesof � (T i )
for eachi 2 f 0; 1; : : : ; n � 1g

if anegativeexamplee� 2 E i existssuchthatT [ f Cg j= e� then
f theadditionof C to T makesaclausein T i inconsistentg

let p bethepredicatein head(C)
let p0beanew predicatesymbol
T00:= renamingp with p0 in T
return T00[ f p(t1; : : : ; tn )  p0(t1; : : : ; tn )g [ f Cg

end for each
return T [ f Cg

f Post-condition: T 0= verify global consistency(C, T, E), T 0 is consistentwith respectto E ,
LH M (T) � LH M (T0)g

Figure5. Procedurefor theory layering. The input are the inducedtheoryT, the new inducedclauseC, the
backgroundknowledgeB K and the whole set of examplesE . The procedurereturnsa new theory, which is
consistentandexplainsat leastall examplesexplainedby T.

An exampleshowinganincreaseof thenumberof layersandabreakingof equivalenceclassesis reported
in [19].

It is noteworthy that,undertheassumptionof T partially de�ning thepredicatesf p1; p2; : : : ; pr g to
learn,theadditionof aclauseC canmakeT i inconsistentonly if at leastanotherclausefor p 2 � (f Cg)
hasalreadybeenaddedto T. In otherwords,inconsistency mayoccurwhenthefollowing two conditions
hold:

a. 
 (T) containsadependencep  q

b. thede�nition of p needsat leasttwo clausesto explainall positiveexamplesof p itself.

The procedurefor theory layering is reportedin Figure 5. Sincethe computationalcomplexity
of the �rst partitioningstepis linear in the numberof verticesandarcsof the collapseddependency
graph 
̂ (T), the real computationalburdenof the procedureverify global consistencyis in the test
T [ f Cg j= e� for eachnegative examplee� in E . Obviously, supposedthat the inducedtheory is
a Datalogprogram,theabove logical entailmentcanbecomputedby theterminatingsemi-nä�ve proce-
durefor thecomputationof generalizedimplication(seeSection4.1).

Theprocedurereturnsa new theory, which is consistentandexplainsat leastall examplesexplained
by T, asprovedby thefollowing two propositions.

Proposition5.2. Let T beaconsistenttheorypartitionedinto n layers,T = T 0 [ : : : [ T i [ : : : [ Tn� 1

andC beade�nite clausewhich is consistentgivenT but makesaclausein T i inconsistentwhenadded
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to T. Let p 2 f p1; p2; : : : ; pr g be the predicatein the headof C, that is � (f Cg) = f pg. Let T 00be a
theoryobtainedfrom T by substitutingall occurrencesof p in T with a new predicatesymbol,p0. Then
thetheoryT0 = T00[ f p(t1; : : : ; tn )  p0(t1; : : : ; tn )g [ f Cg is consistent.

Proof:
By de�nition LH M (T0) = LH M (T00[ f p(t1; : : : ; tn )  p0(t1; : : : ; tn )g [ f Cg).

Sincetheconclusionsof C cannotaffect theconclusionsof T 00[ f p(t1; : : : ; tn )  p0(t1; : : : ; tn )g
becauseof thelayeringeffectwehave:

LH M (T00[ f p(t1; : : : ; tn )  p0(t1; : : : ; tn )g [ f Cg) =
= LH M (LH M (T00[ f p(t1; : : : ; tn )  p0(t1; : : : ; tn )g) [ f Cg) =
LH M (LH M (T) [ f p0(t1; : : : ; tn )j p(t1; : : : ; tn ) 2 LH M (T)g [ f Cg)

since T00 [ f p(t1; : : : ; tn )  p0(t1; : : : ; tn )g simply renamesp with p0 and adds the clause
p(t1; : : : ; tn )  p0(t1; : : : ; tn ). Moreover, thefollowing equivalenceholds:

LH M (LH M (T) [ f p0(t1; : : : ; tn )j p(t1; : : : ; tn ) 2 LH M (T)g [ f Cg) =
= LH M (LH M (T) [ f Cg) [ f p0(t1; : : : ; tn )jp(t1; : : : ; tn ) 2 LH M (T)g

sincenew groundatomsp0(t1; : : : ; tn ) aregeneratedon thebasisof LH M (T) alone.
By chainingall theseequivalenceswehave:
LH M (T0) = LH M (LH M (T) [ f Cg) [ f p0(t1; : : : ; tn )j p(t1; : : : ; tn ) 2 LH M (T)g.

SupposethatT0 is inconsistent,that is, a groundatomH 2 LH M (T 0) exists,suchthatH is a negative
examplein thetrainingset.Obviously, H =2 f p0(t1; : : : ; tn )j p(t1; : : : ; tn ) 2 LH M (T)g, sincenegative
examplesareinstancesof thepredicatesp1; p2; : : : ; pr . Moreover, H =2 LH M (LH M (T) [ f Cg) since
clauseC is consistentgiven T, that is, LH M (LH M (T) [ f Cg) doesnot containnegative examples.
Thecontradictionfollows. ut

Corollary. Let T be a consistenttheorypartitionedinto n layers,T = T 0 [ : : : [ T i [ : : : [ Tn� 1

and C be a de�nite clausewhoseaddition to the theory T makes a clausein T i inconsistent. Let
p 2 f p1; p2; : : : ; pr g be the predicatein the headof C, that is � (f Cg) = f pg. Let T 00be a the-
ory obtainedfrom T by substitutingall occurrencesof p in T with a new predicatesymbol, p0, and
T0 = T00[ f p(t1; : : : ; tn )  p0(t1; : : : ; tn )g [ f Cg. Then

LH M (T) � LH M (T0)nf p(t1; : : : ; tn )  p0(t1; : : : ; tn )g.

Proof:
It follows immediatelyfrom proofof Proposition5.2,since

LH M (T0) = LH M (LH M (T) [ f Cg) [ f p0(t1; : : : ; tn )j p(t1; : : : ; tn ) 2 LH M (T)g
andLH M (T0)nf p(t1; : : : ; tn )  p0(t1; : : : ; tn )g = LH M (LH M (T) [ f Cg) � LH M (T).
Setinclusionis strict if C explainsanexamplenotpreviouslyexplainedby T. ut

In short,the new theoryT 0 obtainedby layeringis consistentwhenC is consistentgiven T andit
keepstheoriginal coverageof T.

It is noteworthy that,in theproposedapproachto consistency recovery, new predicatesareinvented,
which aim to accommodatepreviously acquiredknowledge(theory)with the currentlygeneratedhy-
pothesis(clause).
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6. The ATRE system

ATRE is amultiple-conceptlearningsystem,whichsolvesthefollowing problem:
Given

� asetof conceptsK 1; K 2; : : : ; K r to belearned,

� asetof objectsO describedin a languageL O ,

� abackgroundknowledgeBK describedin a languageL B K ,

� a languageof hypothesesL H thatde�nesthespaceof hypothesesSH

� auser'spreferencecriterionPC,

Find
a (possiblyrecursive) logical theoryT 2 SH , de�ning theconceptsC1; C2; : : : ; Cr , suchthatT is com-
pleteandconsistentwith respectto thesetof observationsandsatis�esthepreferencecriterionPC.

Two differences,with respectto thelearningproblemformulatedin Section 2, are:theintroduction
of theconceptof thepreferencecriterionandthereplacementof theterms“predicates”and“examples”
with the words “concepts”and “objects”, respectively. The introductionof the preferencecriterion,
which wasnot requiredto describethe logical foundationsof our learningprocedure,is now necessary
to dealwith the problemof selectingthe “best” theoryamongthosesatisfyingthe completenessand
consistency properties. The seconddifferenceis due to ATRE's representationformalism, which is
explainedin thefollowing subsection.

6.1. Representationissues

In ATRE thebasiccomponentof therepresentationlanguagesL O , L B K , L H is theliteral, which takes
two distinctforms:

f (t1; : : : ; tn ) = Value (simpleliteral) andf (t1; : : : ; tn ) 2 [a::b] (setliteral),
wheref and g are function symbolscalled descriptors, t i 's and si 's are termsand [a::b] is a closed
interval. Descriptorscanbeeithernominalor linear, accordingto theorderingrelationde�ned on their
domainvalues. In particular, no orderingrelation is de�ned on the domainof nominal descriptors,
thus they can only appearin simple literals. On the contrary, a total orderingrelation is de�ned for
linear domains,thus linear descriptorscanalsoappearin set literals. Someexamplesof literals are:
color(X)=blue, distance(X,Y)=463.09, extension(X 1)2 [982.207.. 983.103],andcloseto(X ; Y )=true.

The last exampleshows the lack of predicatesymbolsin the representationlanguagesadoptedby
ATRE.Therefore,the�rst-order literalsp(X ; Y ) and: p(X ; Y ) will berepresentedasf p(X,Y)=trueand
f p(X,Y)=false, respectively, wheref p is the functionsymbolassociatedto thepredicatep. This means
thatATREcandealwith classicalnegation, : , but notwith negationbyfailure, not [39]. Henceforth,for
thesake of simplicity, we will adopttheusualnotationp(X ; Y ) and: p(X ; Y ), insteadof f p(X,Y)=true
andf p(X,Y)=false, respectively.

EachconceptK i to belearnedis representedby asimpleliteral. Conceptssharingthesamedescriptor
(andarity),but havingdifferentvalues,de�ne amulti-classproblem[65], whichimposesthemembership
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of atrainingexamplein exactlyoneclass,sothatpositiveexamplesof oneclassarenegativeexamplesfor
theothermutuallyexclusiveclasses.For instance,with referenceto theapplicationdomainof document
imageunderstandingreportedin thenext section,theconcepts

K 1: logic type(X)=title

K 2: logic type(X)=abstract, and

K 3: logic type(X)=author

de�ne a three-classproblem. Training examplesof logic typecanbe either instancesof title, or ab-
stract, or author or any other logic type, but they cannotbe instancesof two (or more) logic types
simultaneously. Training examplesof logic type(X)=title will be considerednegative for the con-
ceptslogic type(X)=abstract andlogic type(X)=author, andviceversa.Moreover, trainingexamplesof
logic type(X)=other, which is not a conceptwe areinterestedin learning,areconsideredto benegative
examplesof title, abstract andauthor.

It is noteworthy that also in multi-classproblemsit is possibleto have conceptdependenciesex-
pressedby recursive theories.For instance,with referenceto thesamedocumentimageunderstanding
domain,thefollowing clausecanbelearned:

logic type(X)=author on top(Y,X) , logic type(Y)=title
which expressesthedependencebetweenthepositionof a block title andthepositionof a block author
in apagelayout.

Conceptstobelearnedcanalsohavedifferentdescriptors,asin thetypicalmultiplepredicatelearning
problemconcerningthe`family' domain:

K 1: mother(X,Y)=true

K 2: father(X,Y)=true, and

K 3: ancestor(X,Y)=true

This �e xibility in the formulationof the learningproblemis a distinguishingcharacteristicof the
system.

ATRE's language of observationsL O is object-centered, in the sensethat observationsarerepre-
sentedasgroundmultiple-headclauses[38], calledobjects, which have a conjunctionof simpleliterals
in thehead.Thefollowing is aninstanceof anobjecttakenfrom theblocks-world:

O1: type(blk1) = l intel ^ type(blk2) = column  pos(blk1) = hor; pos(blk2) = ver; on top(blk1; blk2)
Notethatthismultiple-headclauseis semanticallyequivalentto thede�nite program:

type(blk1) = l intel  pos(blk1) = hor; pos(blk2) = ver; on top(blk1; blk2)
type(blk2) = column  pos(blk1) = hor; pos(blk2) = ver; on top(blk1; blk2)

but is notequivalentto thedisjunctiveclause:
type(blk1) = l intel ; type(blk2) = column  pos(blk1) = hor; pos(blk2) = ver; on top(blk1; blk2)

whosecommain theheadis interpretedasadisjunctionandnotaconjunction.
Thenotionof multiple-headclausesin ATRE adaptsthenotionof interpretation, which is common

to many relationaldatamining systems[18]. It presentstwo main advantageswith respectto de�nite
clauses:bettercomprehensibilityandef�ciency. The former is basicallydueto the fact that multiple-
headclausesprovide the systemwith a compactdescriptionof multiple propertiesto be predictedin
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complex objects. The secondadvantageis the possibility of having a uniquerepresentationof known
propertiessharedby asubsetof observations.In fact,ATREdistinguishesobjectsfrom examples. As said
before,objectsaregroundmultiple-headclauses(i.e., interpretations)which canbeuniquelyidenti�ed
by anobjectidenti�er OID. ExamplesaredescribedaspairshL , OIDi , whereL is a literal in thehead
of the object indicatedby the object identi�er OID. Examplescanbe consideredpositiveor negative,
accordingto theconceptto belearned.For instancehtype(blk1)=lintel,O1i is a positive exampleof the
concepttype(X)=lintel, anegativeexampleof theconcepttype(X)=column, andit is neitherapositivenor
anegativeexampleof theconceptstable(X)=true. Thebodyof anexamplehL , OIDi , body(hL ,OIDi ), is
thebodyof themultiple-headclauseidenti�ed by OID.

The object identi�ers de�ne a partitioningof the setof training examples.This makesthe choice
of the seedsin the separate-and-parallel-conquersearchstrategy moreef�cient. Indeed,the basicas-
sumptionmadein ATRE is that each objectcontainsexamplesexplainedby somebaseclausesof the
underlyingrecursivetheory. Therefore,by choosingasseedsall examplesof differentconceptsrepre-
sentedin onetrainingobject,it is possibleto inducesomeof thecorrectbaseclauses.Mutually recursive
conceptde�nitions will begeneratedonly aftersomebaseclauseshave beenaddedto thetheory. Prob-
lemscausedby incompleteobjectdescriptionsviolating the above assumptionarenot investigatedin
thiswork, sincethey requiretheapplicationof abductiveoperators,whicharenotavailablein thecurrent
versionof thesystem.

The language of hypothesesL H is thatof linked, range-restrictedde�nite clauses[12] with simple
andset literals in the body andonesimple literal in the head. It is noteworthy that ATRE alsodeals
with numericdescriptors.Moreprecisely, givenann-ary functionsymbol,f (X 1; :::; X n ), takingvalues
in a numericaldomain,ATRE canproducehypotheseswith set literals f (X 1; :::; X n ) 2 [a::b], where
[a::b] is a numericalinterval computedaccordingto the sameinformation theoreticcriterion usedin
INDUBI/CSL [43]. Much relatedwork can also be found in other contexts, suchas qualitative and
relationalregressionin inductive logic programming,and learningnumericalconstraintsin inductive
constraintlogic programming.An updatedreview canbefoundin thework by [36].

The backgroundknowledge de�nes the relevant domainknowledge. It is expressedin a language
L B K with thesameconstraintsasthe languageof hypotheses.The following is anexampleof spatial
backgroundknowledge:

closeto(X,Y) distance(X,Y)2 [0::20],
whichstatesthattwo objectswhosedistanceis between0 and20arealsoclose.

The representationlanguagesusedby ATRE do not seemto �t very well into the ILP framework,
but it is easyto transformATRE's de�nite clausesinto Datalogclauses,extendedwith built-in pred-
icates. The transformationof literals like on top(X,Y)=trueor on top(X,Y)=falseis straightforward.9

In general,a simple literal f (t1; : : : ; tn ) = Value canbe transformedinto an (n + 1)-ary predicate
f (t1; : : : ; tn ; Value), while a setliteral f (t1; : : : ; tn ) 2 Range, whereRange is an interval [a::b], can
be transformedinto f (t1; : : : ; tn ; Z ); Z � a;Z � b. The relationaloperators� and � are built-in
predicates.

Thanksto this transformationit is possibleto applyto ATRE all conceptsandpropertiesdeveloped
in standard�rst-order logic languages.In particular, a clausecanstill be considereda setof literals,
andthede�nitions of resolutionand� -subsumptionfor clauseswith simpleliterals remainunchanged.
The only extensionis dueto the presenceof set literals, whosetransformationintroducesthe built-in

9Negationcanberemovedby replacingtheclassicalnegationof eachpredicatep with anew predicatep� [25].
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predicates� and� . In this case,a clauseC canbepartitionedinto two subsetsof literals, thosewith
ordinarypredicates,Co, andthosewith built-in predicates,Cb. A clauseC � -subsumesa clauseD if a
substitution� exists,suchthatCo� � Do andthesetof solutionsof theconstraintsCb� is a non-empty
setincludingthesetof solutionsof theconstraintsD b. For instance,thefollowing clause

C: p(X ) = a  q(X ) 2 [0:5::1:5] Co = f p(X ; a); q(X ; Y )g Cb = f Y � 0:5; Y � 1:5g
� -subsumesthefollowing clauseD for � = f X  Z; Y  Wg,

D : p(Z ) = a  q(Z ) 2 [0:7::1:2] Do = f p(Z; a); q(Z; W)g Db = f W � 0:7; W � 1:2g
aswell asthegroundclauseD 0 for � = f X  xg,

D 0 : p(x) = a  q(x) = 0:9 D 0
o : f p(x; a); q(x; 0:9)g D 0

b = ;
but it doesnot � -subsumetheclause:

D 00: p(x) = a  q(x) = 1:9 D 00
o : f p(x; a); q(x; 1:9)g D 00

b = ;
sincethesetof Cb� solutionsis empty.

Finally, we observe that the resolutionof two de�nite clausesC andD expressedin ATRE's hy-
pothesislanguageL H , correspondsto theclassicalresolutionprinciple,sincetheheadsof C andD are
alwayssimpleliterals. Consequently, the generalizedimplication de�nition given in Section4 canbe
easilyappliedto ATRE.

6.2. Algorithmic issues

Themainprocedureof ATRE is shown in Figure6. Thesysteminput is a setof objects,a background
knowledge,a setof conceptsto be learned,anda preferencecriterion thatguidetheheuristicsearchin
thespaceof possiblehypotheses.

To illustratethealgorithm,let usconsidertheinputdatain Table1.
The �rst steptowardsthe generationof inductive hypothesesis the saturation of all objectswith

respectto the given BK [61], so that information that was implicit in the example,given the back-
groundknowledge, is madeexplicit (proceduresaturate objects). In the above example, the satura-
tion of O1 involves the additionof the nine literals logically entailedby B K , that is, closeto(zone2,
zone1), closeto(zone1, zone3), closeto(zone3, zone1), closeto(zone7, zone1), closeto(zone4, zone2),
closeto(zone5, zone4), closeto(zone5, zone6), closeto(zone6, zone5) andcloseto(zone8, zone6).

Initially, all positive andnegative examples(pairshL ,OIDi ) aregeneratedfor every conceptto be
learned,the learnedtheoryis emptyandthe setof conceptsto be learnedcontainsall K i . With refer-
enceto theabove input data,thesystemgeneratestwo positive examplesfor K 1 (downtown(zone1) and
downtown(zone7)) , two positive examplesfor K 2 (residential(zone2) andresidential(zone4)) andeight
negative examplesequally distributed betweenK 1 and K 2 (: downtown(zone2), : downtown(zone3),
: downtown(zone4), : downtown(zone5), : residential(zone1), : residential(zone5), : residential(zone6),
: residential(zone7)).

Theconquerstageperformsa general-to-speci�cbeamsearchto generatea setof consistent,linked
andrange-restrictedclausesfor theconceptsto belearned.A seedis associatedwith eachspecialization
hierarchy. Seedsarechosenaccordingto the textual orderin which objectsaregiven to thesystem.If
Ok is the�rst objectwith anexamplestill uncoveredof conceptK i , thenOk is takento generateseeds
for K i . In particular, all examplesof K i in Ok still uncoveredwill beselectedasseeds,soit is possible
to haveseveralspecializationhierarchiesfor eachconcept.

Groundliterals in the body of seedobjectsaregeneralized.In particular, the generalizationof a
groundliteral f (t1; : : : ; tn ) = Value is obtainedby turning distinct constantsinto distinct variables,
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procedurelearn recursive theories(O, BK, f K1; : : : ; K ng, PC)
SaturatedO := saturate objects(O,BK)
O := SaturatedO
E := generate positivenegativeexamples(O, f K1; : : : ; K ng)
T := ;
LearnedK := f K1; :::; K ng
repeat

Consistentclauses:= parallel conquerby beamsearch(LearnedK, E, PC)
C := �nd bestclause(Consistentclauses,PC)
ConsistentT := verify global consistence(C,T, E, O)
T := ConsistentT [ f Cg
O := saturate objects(SaturatedO,T)
E := updateexamples(T, E)
foreachK i 2 LearnedK do

if posexample(Ki )=; thenLearnedK := LearnedK nf K i g endif
endforeach

until LearnedK = ;
return T

Figure6. ATRE2.0: Main procedure.

Table1. An exampleof inputdatato themainprocedure

Objects O1 downtown(zone1)^: residential(zone1)^ residential(zone2)^
: downtown(zone2) ^: downtown(zone3) ^ residential(zone4) ^
: downtown(zone4) ^: downtown(zone5) ^: residential(zone5) ^
: residential(zone6) ^ downtown(zone7) ^: residential(zone7)  
onthesea(zone1), high businessactivity(zone1), closeto(zone1,zone2 ),
low businessactivity(zone2), closeto(zone2,zone4),
adjacent(zone1,zone3), onthesea(zone3),
low businessactivity(zone3), low businessactivity(zone4),
closeto(zone4,zone5), high businessactivity(zone5),
adjacent(zone5,zone6), low businessactivity(zone6),
closeto(zone6,zone8), low businessactivity(zone8),
closeto(zone1,zone7), onthesea(zone7), high businessactivity(zone7)

BK closeto(X,Y) adjacent(X,Y)
closeto(X,Y) closeto(Y,X)

Concepts K 1

K 2

downtown()=true
residentialzone()=true

PC Minimize/maximize the number of negative/positive examples ex-
plained.
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and replacingall occurrencesof a constantt i with the samevariableX i (simpleinverse substitution
[61]). Clausespecializationis performedeitherby addinga new generalizedseedliteral thatpreserves
thepropertyof linkednessof theclauseor by restrictingthe interval of a setliteral alreadyin thebody.
Whena consistent,range-restrictedclauseis found it is put aside: The searchstopswhenat leastM
consistent,range-restrictedclauseshavebeendetermined.

In the above example seedsare generatedfrom the unique object O1. The procedureparal-
lel conquerby beamsearch generatesa setof consistentclauses,whoseminimum numberis de�ned
by the user. By requiring the generationof at leastone consistentclausewith respectto the above
examples,thisprocedurereturnsthefollowing setof clauses:

downtown(X )  onthesea(X ); high business activ ity (X ):
downtown(X )  onthesea(X ); adj acent(X ; Y ):
downtown(X )  adj acent(X ; Y ); onthesea(Y ):
In fact,thehypothesisspaceof theconceptresidentialhasbeensimultaneouslyexplored,but when

only the threeconsistentclausesfor the conceptdowntownhave beenfound, no consistentclausefor
residentialhasyet beendiscovered. Thus, the parallel-conquerprocedurestops,sincethe numberof
consistentclausesis greaterthanone.

At this point, the best one is selectedaccordingto the user's preferencecriterion (procedure
�nd bestclause). The default criterion is the maximizationof the numberof positive examplescov-
eredandtheminimizationof thecomplexity of theclause(hererepresentedby thenumberof literalsin
thebody). In theaboveexample,the�rst of thethreeclausesis selected.

Since the addition of a consistentclausemay lead to an augmented,inconsistenttheory, ATRE
applies the layering techniqueexplained in Section 5 to recover the consistency (procedurever-
ify global consistence). Theonly differencebetweentheprocedurereportedin Figure5 andthatinvoked
in ATRE's mainprocedureis thatalsothesetof objectsO hasto bepassedin orderto reconstructthe
bodyof theexamplesin E . Theselectedclauseis usedto re-saturatetheobject,sothatrecursiveclauses
couldbegeneratedin thenext call of theprocedureparallel conquerby beamsearch. Continuingthe
previous example,the two literals addedto O1 aredowntown(zone1) anddowntown(zone7). This
operationenablesATRE to alsogeneratethede�nition of theconceptresidential, which dependson the
conceptdowntown.

Finally, theprocedureupdateexamplestagspositive examplesexplainedby thecurrentlearnedthe-
ory, so that they will no longerbe consideredfor the generationof new clauses.The loop terminates
whenall positive examplesaretagged,which meansthat thelearnedtheoryis completeandconsistent.
In theaboveexample,hdowntown(zone1); O1i andhdowntown(zone7); O1i aretagged,thatis, acom-
pletede�nition of downtown( ) = tr ue hasbeenlearned.Sincenot all positive examplesaretagged,
theprocedureparallel conquerby beamsearch is re-invokedandreturnstheclause:

r esidential (X )  close to(X ; Y ); downtown(Y); low business activ ity (X ):
By re-saturatingthe objectwith both learnedclauses,it becomespossibleto generatea recursive

clauseat thethird iteration,namely:
r esidential (X )  close to(X ; Y ); r esidential (Y ); low business activ ity (X ):
Therefore,thefollowing setsof clausesis learned:
downtown(X )  onthesea(X ); high business activ ity (X )
r esidential (X )  close to(X ; Y ); downtown(Y); low business activ ity (X )
r esidential (X )  close to(X ; Y ); r esidential (Y ); low business activ ity (X )

which is asimplerecursive theory.
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6.3. Computational complexity

The generationof consistentclausesrequiresthe explorationof a searchspacewhosesizeis �nite but
increasesexponentiallywith thenumberof literalsin thebodiesof theselectedseeds.Indeed,all clauses
in the specializationhierarchy of a seedexamplee+ = hL; OI D i will be obtainedby addinga setof
literalsto thefollowing clause:

f (X 1; : : : ; X n ) = Value  

obtainedby turningall constantsin L into variables.Sinceliteralsusedin thespecializationprocessmust
begeneralizationsof literalsin thebodyof e+ obtainedby turningconstantsto variablesandpossiblyby
determininganinterval (in thecaseof lineardescriptors),thenumberof clausesis 2jbody(e+ )j .

Nevertheless,ATRE exploresonly a polynomially boundedportion of this space.More precisely,
at the�rst stepat mostjbody(e+ )j clauseswill beconsidered.Soonafterwards,P of themareselected
for the next specializationstep(P is the beamof the search). During the secondstepeachselected
hypothesiscanbespecializedin at mostjbody(e+ )j � 1 differentways.In general,at thei -th step,each
selectedhypothesiscanbe specializedin at most jbody(e+ )j � i � 1 differentways. To sumup, the
numberof generatedclausesis:

jbody(e+ )j +
jbody(e+ )j � 1P

i =1
P � i = jbody(e+ )j + P

2 jbody(e+ )j � (jbody(e+ )j � 1)

This analysiscon�rms theef�ciency of thesystemwhile searchingfor a consistentclause,sincethe
numberof testedhypothesesis linear in thebeamof thesearch,andquadraticin themaximumnumber
of literalsof a trainingobject. Neitherthearity of the functionsymbolsnor thenumberof variablesin
any learnedclauseaffect thecostof thesearch,asit happensin othersystems[57]. Sincethenumber
of specializationhierarchiesequalsthe numberof training examplesat worst, we can concludethat
the computationalcomplexity of the procedureparallel conquerby beamsearch is polynomial in the
numberof training examples,in the beamof the search,andin the maximumnumberof literals of a
trainingobject.

Unfortunately, this analysisdoesnot take into accountthe fact that the saturationof objectsmay
increasethenumberof literalsof atrainingobject.In theworstcase,suchanumbermightbeexponential
in the numberof constantsin the body of objects,thusmakingthe upperboundof the computational
complexity of thesearchexponential.

7. Experimental results

ATRE hasbeenimplementedin PrologandC++. In this sectionwe show theresultsfor somemultiple
conceptlearningproblems. The �rst experimentsrefer to the domainof family relationsusedto test
MPL [15]. Thenwe presenta real world application,namely, documentimageunderstanding,where
interrelatedde�nitions of logic componentsarepossible. Other resultsconcerningthe inductionof a
mutualrecursive theoryfor oddandevennumbersandanapplicationto cognitivemodelingarereported
in [42] andareavailablein the web site of the system.Finally, ATRE hasbeenappliedto geographi-
cal knowledgediscovery [41], althoughthe main featureof the systemtestedin that applicationis the
handlingof numericalattributesandrelationsin a �rst-order context.



66 D. Malerba/ LearningRecursiveTheoriesin theNormalILP Setting

7.1. The domain of family relations

De RaedtandLavra�c [15] de�ned a classof experimentson the domainof family relations. The �rst
experimentaimsat learningthede�nitions of ancestor, fatherandmotherfrom acompletesetof positive
andnegativeexamples.In MPL thenegativeexamplesweregeneratedundercloseworldassumption,and
the knowledgebasecontainedsomegroundatomsconcerningthe predicatesmale, femaleandparent.
A convenientrepresentationfor ATRE is a singleobjectin which all positive andnegative examplesof
ancestor, fatherandmotherareexplicitly reportedin thehead,while all instancesof male,femaleand
parentarereportedin thebody.

Thesimplerecursive theorylearnedby MPL is theveryelegant:
ancestor(X ; Y )  parent(X ; Y )
f ather (X ; Y )  parent(X ; Y ); male(X )
mother (X ; Y )  parent(X ; Y ); f emale(X )
ancestor(X ; Y )  parent(X ; Z ); ancestor(Z; Y ):
Clausesarereportedin theorderin which they arelearned.For this problemATRE learnsa correct

theoryin 68sonaPentiumIIIPC– 1GHz,thoughdifferentandlessintuitive,namely:
ancestor1(X 1; X 2)  parent(X 1; X 2)
f ather (X 1; X 2)  ancestor1(X 1; X 2); male(X 1)
mother (X 1; X 2)  ancestor1(X 1; X 2); f emale(X 1)
ancestor(X 1; X 2)  ancestor1(X 1; X 2)
ancestor(X 1; X 2)  f ather (X 1; X 3); ancestor(X 3; X 2)
ancestor(X 1; X 2)  mother (X 1; X 3); ancestor(X 3; X 2):
In the above theory a new predicateancestor1hasbeen`invented' due to consistency recovery.

Takinginto accountthatancestor1andparentaresemanticallyequivalent,theinterpretationof theabove
theoryis clearer. Theexplanationof this resultis straightforward. The �rst threeclausesgeneratedby
ATREare:

C1: ancestor(X 1; X 2)  parent(X 1; X 2)
C2: f ather (X 1; X 2)  ancestor(X 1; X 2); male(X 1)
C3 : mother (X 1; X 2)  ancestor(X 1; X 2); f emale(X 1):
In fact,ATRE overgeneralizesthede�nitions of father andmother, but at this point of the learning

processthesystemdoesnotknow thecompletede�nition of ancestorandconsiderstheclauses
f ather (X 1; X 2)  parent(X 1; X 2); male(X 1)
mother (X 1; X 2)  parent(X 1; X 2); f emale(X 1)

equivalentto C2 andC3 respectively. ATREdiscoversits overgeneralizationerrorwhenthenew clause
C4 : ancestor(X 1; X 2)  f ather (X 1; X 3); ancestor(X 3; X 2)

is addedto thetheory. At this point, thesystemappliestheconsistency recoveringstrategy andinvents
thenew predicateancestor1.

It is noteworthy thattheseresultsareobtainedby usingabeamequalto 5. By enlarging thebeamto
15,ATREtakes180sto learna theoryanalogousto thatinducedby MPL, namely:

ancestor(X ; Y )  parent(X ; Y )
ancestor(X ; Y )  parent(X ; Z ); ancestor(Z; Y )
f ather (X ; Y )  parent(X ; Y ); male(X )
mother (X ; Y )  parent(X ; Y ); f emale(X ):
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This example also suggestssome improvement of the system. Currently ATRE checks that
C2 � f C1g[ B K ;) e for eachexamplee of the conceptfather. The only examplesof ancestorthat are
consideredin this test are thoseinferred by the partial de�nition C1. By augmentingthe B K with
the setOH of all positive examplesof ancestoravailable in the headof the object, that is, by testing
C2 � f C1g[ B K [ OH ) e, ATRE would not overgeneralize,at leastnot in this experiment,in which all
positive andnegative examplesof ancestorareinput to thesystem.Thereasonfor this modi�ed testis
that,sooneror later, ATREwill generateclausesto coverall examplesin OH . Sowecananticipatesome
of theconclusionsto bedrawn from prospectively generatedclauses.This trick hasalsobeenadoptedin
thework by Lammaetal. [33]. However, it doesnotwork whenasetof positiveandnegativeexamples
is incomplete,which explainswhy the consistency recovery strategy basedon theory layering is still
necessary.

The secondexperimentof the family domainaimsat learningmaleancestorandfemaleancestor
from fatherandmother. Onceagain, thetrainingsetis complete.MPL learnedthefollowing theory:

f emale ancestor(X ; Y )  mother (X ; Y )
male ancestor(X ; Y )  f ather (X ; Y )
f emale ancestor(X ; Y )  mother (X ; Z ); f emale ancestor(Z; Y )
male ancestor(X ; Y )  f ather (X ; Z ); f emale ancestor(Z; Y )
male ancestor(X ; Y )  f ather (X ; Z ); male ancestor(Z; Y )
f emale ancestor(X ; Y )  f emale ancestor(X ; Z ); male ancestor(Z; Y ):
ATRE learnedaslightly differentbut equallycorrectreformulationof theMPL's theory, thatis:
male ancestor(X 1; X 2)  f ather (X 1; X 2)
f emale ancestor(X 1; X 2)  mother (X 1; X 2)
male ancestor(X 1; X 2)  male ancestor(X 1; X 3); f emale ancestor(X 3; X 2)
male ancestor(X 1; X 2)  male ancestor(X 1; X 3); male ancestor(X 3; X 2)
f emale ancestor(X 1; X 2)  f emale ancestor(X 1; X 3); f emale ancestor(X 3; X 2)
f emale ancestor(X 1; X 2)  male ancestor(X 3; X 2); f emale ancestor(X 1; X 3):

Thebeamusedin thisexperimentis 5 andthelearningtime is 660s.
Finally, thethird experimenton thefamily domainaimsat learningfatherandgrandfatherfrom an

incompleteexampleset.Theexamplesetcontainsall positive examplesof fatherandgrandfather. The
negative examplesarecompletefor grandfatherandincompletefor father, sincethey aregeneratedby
meansof therule:

f ather (X ; Y ) = f alse  parent(X ; Y ) = f alse:
Resultsreportedfor MPL are:

C5: f ather (X ; Y )  parent(X ; Y )
C6: gr andf ather (X ; Y )  male(X ); parent(X ; Z ); parent(Z; Y )

while thetheorylearnedby ATRE in 530sis:
C7 : f ather (X 1; X 2)  parent(X 1; X 2)
C8: gr andf ather (X 1; X 2)  male(X 1); f ather (X 1; X 3); f ather (X 3; X 2):
It is noteworthy thatC8 � f C7g) C6, thatis ATREgeneratesamoregeneraltheory. Thismeansthat

ATREis moreproneto makeanerrorassoonasamotheris seen,sincethede�nition of fatheris wrong.
However, ATRE alsogeneratedC6 andconsideredit indistinguishablefrom C8, with respectto covered
examples.Therefore,theresultis simply in�uencedby theorderin which theseequivalentclauseshave
beenaddedto thesetof solutions.
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7.2. Application to the documentimageunderstandingproblem

ATREhasalsobeenalsoappliedto theproblemof processingprinteddocumentsandits inducedlogical
theoriesareusedby an intelligentdocumentprocessingsystem,namedWISDOM++ (seethewebsite
http://www.di.uniba.it/� malerba/wisdom++/)[20]. Henceforth,only the speci�c problemof learning
rulesfor documentimageunderstandingwill bedealtwith. Themaininnovationwith respectto previous
work is theautomateddiscoveryof possibleconceptdependencies,aswell astheconsiderationof multi-
pagedocuments.

A documentis characterizedby two differentstructuresrepresentingboth its internalorganization
andits content: the layout (or geometrical) structureandthe logical structure.The former associates
thecontentof adocumentwith a hierarchy of layoutobjects,suchastext lines,vertical/horizontallines,
graphic/photographicelements,pages,andsoon. Thelatterassociatesthecontentof a documentwith a
hierarchy of logicalobjects,suchassender/receiverof abusinessletter, title/authorsof anarticle,andso
on. Here,the termdocumentimage understandingdenotestheprocessof mappingthe layoutstructure
of a documentinto thecorrespondinglogical structure.Thedocumentimageunderstandingprocessis
basedon theassumptionthatdocumentimagescanbeunderstoodon thebasisof their layoutstructures
alone.

The mappingof the layout structureinto the logical structurecanbe representedasa setof rules.
Traditionally, suchruleswerehand-codedfor particularkindsof document[53], requiringmuchhuman
tuning and effort. We proposethe applicationof inductive learningtechniquesto generatethe rules
automaticallyfrom asetof trainingexamples.Theuser-traineris askedto labelsomelayoutcomponents
of a setof training documentsaccordingto their logical meaning. Thoselayout componentswith no
clearlogicalmeaningarenot labeled.Therefore,eachdocumentgeneratesasmany trainingexamplesas
thenumberof layoutcomponents.

In this application,we have a multi-classlearningproblem. Conceptscorrespondto the distinct
logical componentsto be recognizedin a document.They arede�ned by differentvaluestakenby the
descriptorlogic type. The unlabelledlayout objectsact ascounterexamplesfor all the conceptsto be
learned,sincethey areinstancesof theconceptlogic type(X ) = undef ined.

Eachtraining documentis representedasan object in ATRE, wheredifferentconstantsrepresent
distinctlayoutcomponentsof a page.Thedescriptionof a documentpageis reportedin Figure7, while
Table2 lists all thedescriptorsusedto representapagelayoutof amulti-pagedocument.

The following four rules are usedas backgroundknowledge, in order to automaticallyassociate
informationonpageorderto layoutblocks.

at page(X ) = f ir st  part of (Y; X ); page(Y ) = f ir st
at page(X ) = inter mediate  part of (Y; X ); page(Y ) = inter mediate
at page(X ) = last but one  part of (Y; X ); page(Y ) = last but one
at page(X ) = last  part of (Y; X ); page(Y ) = last
Threelong papers,which appearedin the January1996issueof the IEEE Transactionson Pattern

AnalysisandMachineIntelligence(PAMI), havebeenconsidered.Thepaperscontainthirty-sevenpages,
eachof which hasa variablenumberof layoutcomponents(abouttenon average).Thetotal numberof
layoutcomponentsis 380but only 170of themcanbeassociatedwith oneof thefollowing elevenlogical
labels: abstract, af�liation , author, biography, caption, �gur e, index term, page number, references,
running head, title. Remainingblocksareconsideredinstancesof thelogicalcomponentbody, for which
wearenot interestedin learningrecognitionrules.
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Table2. Descriptorsusedby WISDOM++ to representthepagelayoutof amulti-pagedocument

Descriptor Domain

page(page) Nominaldomain:�rst, intermediate,last but one,last

width(block) Integer domain:(1..640)

height(block) Integer domain:(1..875)

x poscentre(block) Integer domain:(1..640)

y poscentre(block) Integer domain:(1..875)

type of(block) Nominal domain: text, hor line, image, ver line,
graphic,mixed

part of(page,block) Booleandomain:trueif pagecontainsblock

on top(block1,block2) Booleandomain:trueif block1is aboveblock2

to right(block1,block2) Boolean domain: true if block2 is to the right of
block1

alignment(block1,block2) Nominal domain: only left col, only right col,
only middle col, both columns, only upperrow,
only lower row, only middle row, both rows

Figure7. Layoutof the�rst pageof a multi-pagedocument(left) andits partialdescriptionin a �rst-order logic
language(right)
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Learningrulesfor therecognitionof semanticallyrelevant layoutcomponentsin a documentraises
issuesconcerningtheinductionof recursive theories.Simpleandmutualconceptdependenciesareto be
handled,sincethelogical componentsreferto apartof thedocumentratherthanto thewholedocument
and they may be relatedto eachother. For instance,in the caseof paperspublishedin journals,the
following dependentclauses:

r unning head(X )  top lef t(X ); text (X ); even page number(X )
r unning head(X )  top r ight(X ); text (X ); odd page number(X )
paragr aph(Y )  ontop(X ; Y ); r unning head(X ); text (Y )

expressthefactthata textual layoutcomponentat thetop left (right) handcornerof anodd(even)page
is a runninghead,while a textual layoutcomponentbelow a running-headis a paragraphof thepaper.
Moreover, therecursiveclause

paragr aph(Y )  ontop(X ; Y ); paragr aph(X ); text (Y )
is usefulto classifyall textual layoutcomponentsbelow theupper-mostparagraph.Therefore,document
understandingseemsto bethekind of applicationthatmaybene�t from learningstrategiesfor multiple
predicatelearning.

By runningATRE on the trainingsetdescribedabove, the theoryin Table3 is returned.Thebeam
usedin this experimentis 15 andthe learningtime is about1,086s. Clausesarereportedin the order
in which they are learned. They have been�ltered out from candidateclausesduring the evaluation
step,performedaccordingto a compositepreferencecriterion that minimizesthe numberof negative
examplescovered,maximizesthenumberof positive examplescovered,andminimizesthecostof the
clause.Thetheorycontainssomeconceptdependencies(seeclauses11 and15, 17, 19 and20), which
areall plausible.Thesigni�canceof theseclausesis moreevidentby looking at thenumberof positive
examplescoveredby eachof them(seethefourth column). In particularATRE discoversthefollowing
conceptdependencies:page number running headand �gur e  caption. Therefore,the learned
theoryhastwo distinct layers:abstract, af�liation, author, biography, �gur e, index term,page number,
references,andtitle arein onelayer, while running headandcaptionarein theother.

In orderto testthe predictive accuracy of the learnedtheory, we consideredthe fourth long article
publishedin thesameissueof the transactionsusedfor training. WISDOM++ segmentedthe fourteen
pagesof the article into 169 layout components,sixty of which wereinstancesof oneof the concepts
usedin thetrainingset,while theremaining109areinstancesof theconceptbodyfor whichnorulewas
generated.The learnedtheorymaycommitbothomissionandcommissionerrors. In particular, it per-
formedsixteenomissionerrors,that is about26%(16/60)of theblocksto belabeledwerenot correctly
recognizedby thetheory, andfourteencommissionerrors,that is about1.1%(14/(109� 11+60� 10)) of
possiblecommissionerrors(theworstcasebeingtheassociationof eachblock with all conceptsexcept
for the correctone). Many of the omissionerrorsaredueto nearmisses.For instance,the title of the
�rst pageis not recognizedsimply becauseits heightis 54, while therangeof width valuesdetermined
by ATRE in thetrainingphaseis [18..53](seeclause13). Signi�cant recoveryof omissionerrorscanbe
obtainedby relaxingthede�nition of subsumptionbetweende�nite clauses[21].

8. Discussion

In this paperwe have discussedandproposedcomputationalsolutionsto somerelevantissuesraisedby
the inductionof recursive theoriesin the normal ILP setting. A separate-and-parallel-conquersearch



D. Malerba/ LearningRecursiveTheoriesin theNormalILP Setting 71

1 logic type(X)=runninghead height(X)2 [6..9],
y poscentre(X)2 [18..35],width(X) 2 [77..544]

36 36

2 logic type(X)= �gure  height(X)2 [90..313],
width(X) 2 [9..255],at page(X)=intermediate

20 20

3 logic type(X)=pagenumber y poscentre(X)2 [19..29],
width(X) 2 [2..8]

14 14

4 logic type(X)=pagenumber width(X)2[4 .. 8],
y poscentre(X)2[22..40]

10 20

5 logic type(X)=�gure  type of(X)=image,at page(X)=intermediate 7 17

6 logic type(X)=�gure  type of(X)=graphic 25 35

7 logic type(X)=abstract at page(X)=�rst,width(X)2[487..488] 3 3

8 logic type(X)=af�liation  at page(X)=�rst,
y poscentre(X)2[720..745]

3 3

9 logic type(X)=author at page(X)=�rst,
y poscentre(X)2[128..158]

3 3

10 logic type(X)=biography  at page(X)=last,height(X)2[65..234] 3 3

11 logic type(X)=caption alignment(Y,X)=only middle col,
logic type(Y)=�gure, type of(X)=text, height(X)2[18 .. 75]

13 13

12 logic type(X)=index term height(X)2[8 .. 8],
y poscentre(X)2[263..295]

3 3

13 logic type(X)=title  at page(X)=�rst,height(X)2[18 .. 53] 5 5

14 logic type(X)=references width(X)2[268..268],
height(X)2[332..355]

2 2

15 logic type(X)=runninghead alignment(Y,X)=only upperrow,
logic type(Y)=pagenumber

2 14

16 logic type(X)=references height(X)2[339..355] 2 3

17 logic type(X)=caption height(X)2[9..40],
on top(Y,X), logic type(Y)=�gure, width(Y)2[5..364]

11 22

18 logic type(X)=caption height(X)2[9..9],
y poscentre(X)2[417..605]

2 4

19 logic type(X)=caption on top(Y,X),
alignment(Y,Z)=only lower row, logic type(Y)=�gure

1 2

20 logic type(X)=caption width(X)2[419..546],on top(X,Y),
logic type(Y)=�gure

5 9

Total 170

Table3. Theorylearnedfor thedocumentimageunderstandingproblem.Thethird columnreportsthenumber
of additionaltrainingexamplesexplainedby eachclausewhenaddedto thetheory. Thefourthcolumnreportsthe
numberof trainingexamplesactuallyexplainedby eachclause.
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strategy hasbeenadoptedto synchronizeandinterleave thelearningof clausesby supplyingpredicates
with mutually recursive de�nitions. A novel generalityorder, calledgeneralizedimplication,hasbeen
imposedonthesearchspaceof clauses,in orderto copewith recursionin amoresuitableway. A layering
techniquebasedon thecollapseddependency graphhasbeeninvestigatedto recover theconsistency of
a partially learnedtheory. Theseideashave beenimplementedin the ILP systemATRE, which is also
characterizedby theobject-centeredrepresentationof trainingexamples.Someexperimentalresultsare
reportedfor somelaboratory-sizeddataaswell asfor dataobtainedby processingmulti-pagedocument
images.

Wecontinuethiswork by discussingbothrelatedresearchesandideasfor futuredevelopments.

8.1. Relatedwork

ATREpresentsseveralinnovationswith respectto previousworksonmultiplepredicatelearning,namely
MPL [16, 15] andits extensionto normallogic programsNMPL [24], MULT ICN [45], andRTL [26].

First, theseparate-and-parallel-conquersearchstrategy providesATRE with a solutionto theprob-
lemof interleaving theinductionprocessfor distinctpredicatede�nitions. Accordingto thisstrategy, the
generationof clausesthatintroducea (mutual)dependenceof a predicatep on a predicateq (or p itself)
is possibleonly afterat leastonerecursionbaseclausefor q (p) hasbeenfound. Moreover, ATRE op-
eratesin a one-shotway, thatis, with no additionalsynthesisstep,asin RTL, andtheiterative bootstrap
inductionmethodby JorgeandBrazdil [30].

MPL solvesthe interleaving problemby performinga greedyhill-climbing searchfor theoriesand
a beamsearchfor eachsingleclause.Clausescanbe generatedby meansof two typesof re�nement
operators,onefor thebodyandonefor thehead. In particular, it is possibleto generatethebodyof a
clausewithoutspecifyingits head.Thesubsequentre�nementof theheadsintroducespossiblydifferent
predicatesandthe systemchoosesthe mostpromisingclauseaccordingto an interestingnessmeasure
[16]. The generationof clauseslike p  p is not forbidden,andit is possibleto generatea recursive
clausefor apredicatep, beforeabaseclausefor p hasbeenfound.

The strategy adoptedin NMPL is slightly different from that of MPL. At the high level NMPL
follows the classicalseparate-and-conquersearchstrategy. The innovation is in the conquerstrategy,
wherethesamere�nement(literal addition)is appliedto clauseswith differentheads.Theheuristicsfor
evaluatingthebestre�nementin thisgreedyconquerstrategy is basedon theLaplaceestimate[17]. Un-
fortunately, two aspectsareunclear. First,how to specializewith thesameliteral, sayless than(A; B ),
two clauseswhoseheadshavedifferentarity, suchas,ordered(L ) andbetween(X ; Y; Z ). Second,how
thegenerationof in�nite recursivede�nitions (e.g.,p  p) is preventedor dealtwith.

A completelydifferentapproachis adoptedin MULT ICN. Again, at the high level, the separate-
and-conquersearchstrategy is used. During the conquerstage,the systemchoosesthe predicateto
belearned.Preferenceis givento thosetargetpredicateswhosede�nition is incomplete(that is, not all
positiveexampleshavebeencovered)andappearin thebodyof previously learnedclauses.For instance,
if the�rst generatedclauseis thefollowing:

odd(X )  succ(Y; X ); even(Y )
at thesecondstepthesystemtriesto learnthede�nition of even(Y). In otherwords,baseclausesarethe
lastto belearned.

ThegeneralizationmodelrepresentsanotherdifferencebetweenATREandtheothermultiplepredi-
catelearningsystems.MPL adoptstwo differentgeneralizationmodelsduringits search:� -subsumption,
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while learninga singleclause,andlogical entailment,while learningthewhole theory. Therefore,two
distinct checksareperformedby thesystemfor eachlearnedclause:a local consistency/completeness
checkbasedon � -subsumption(extensionalcoverage)anda global checkbasedon logical entailment
(intensionalcoverage).A similar approachis alsoadoptedby MULT ICN. However, aspointedout by
Martin andVrain [45], theextensionalcoveragetestcanleadto thegenerationof non-terminating,but
extensionallyvalid, theories,suchasthefollowing:

even(A)  zero(A)
odd(A)  succ(A; B ); even(B )
even(A)  succ(B ; A); odd(B )

whichde�nesoddandevennumbersonthebasisof theirsuccessors(andnotpredecessors).To avoid this
problem,MULT ICN introducesanacceptabilitycriterionfor a clauseandletstheuserchoosetheright
rateof acceptability. MPL solvestheproblemdifferently, by deletingglobally incorrectandirrelevant
clausesaddedto thetheory. Therefore,whentheclause

odd(A)  succ(A; B ); even(B )
is generatedasthebestclause,it is �rst addedto thetheoryandsoonafterremoved,becauseit is globally
irrelevant (no positive examplesof oddnumbersarecovered).However, in this approachit is not clear
how to selecttheclauseto remove,whenmorethanoneis globally irrelevantor inconsistent.Moreover,
careshouldbetakennot to getinto in�nite loopsby �rst deletingclausesandthenaddingthemagain.

Similarly to Progol, MPL usesa depth-boundedinterpreterto checkwhetheran inducedtheory
logically entailsanexample. This depth-boundallows thesystemto checkbothconsistency andcom-
pletenesspropertiesin the caseof in�nite recursive de�nitions (e.g.,p  p). Although not explicitly
stated,a similar depth-boundedapproachshouldbeadoptedin NMPL, wherelogical entailmentis used
to checkthepropertiesof completenessandconsistency of aclause.

Systemsthatadopttheextensional(or � -subsumptionbased)coveragetestshaveanadditionalprob-
lemin learningrecursiveclauseswhenexamplesaresparse.Thisproblemis lessevidentin ATRE,which
canlearnthecorrectde�nition of oddandevennumbers,alsowhentheexamplesetis incomplete[42].

Finally, problemscausedby thenon-monotonicitypropertyof thenormalILP settinghave not been
consideredin somemultiple predicatelearningsystems,suchasMULT ICN andNMPL. As explained
in Section6, this is a crucial aspectof the multiple predicatelearningproblem. Progol, for instance,
cannotbe properly considereda multiple predicatelearningsystemsinceit can inducetheoriesthat
areglobally inconsistent.MPL solvestheproblemby meansof theclausedeletiontechnique,although
undoingpreviouswork mayconsiderablyincreasethelearningtime. ATREadoptsthelayeringtechnique
andinventsa new predicate,whentheadditionof a clauseto the theoryinterfereswith anotherclause
alreadyaddedto thetheory. As shown in Section 7.1,theapplicationof thelayeringtechniquedoesnot
preventATRE from discoveringequallycorrecttheories,which couldbelatersimpli�ed by keepingthe
minimumHerbrandmodel(theoryrestructuring) [62, 63].

8.2. Further work

The currentimplementationof ATRE is not optimal. Oneof the reasonsis that every time a clauseis
addedto the theory, thespecializationhierarchiesarereconstructedfor a new setof seeds,which may
intersectthe setof seedsexplored in the previous step. In otherwords, it is possiblethat the system
exploresthesamespecializationhierarchiesseveral times,sinceit hasno memoryof thework donein
previoussteps.Currently, we areoptimizingtheseparate-and-parallel-conquersearchstrategy to stopit
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exploringthespecializationhierarchiesrepeatedlyduringthelearningprocess.Thisapproachis basedon
complex cachingtechniques,whoseeffectivenessis clearwhenconceptsto learnareneitherrecursively
de�nablenormutuallydependent.

Another importantaspectis the abundanceof candidateconsistentclausesthat the ATRE's paral-
lel conquerby beamsearch procedurecangenerate.Currently, only thebestclausewith respectto the
user's preferencecriterion is selected,but, even in this case,we observed thatoftenmany `equivalent'
clausesexist, given a preferencecriterion. This meansthat ATRE makesa blind choiceamongmany
equallygoodclauses.Whetherbetterselectionstrategiesexist andhow setsof equivalentclausescanbe
usedin recursive theorylearningis still anopenquestion.

Finally, the well-known issuesof sparseandnoisy training setsmake the problemof learningre-
cursive theoriesevenharder. Theintegrationof abductive mechanismsin inductive learningalgorithms
canbea solutionto theproblemsof datasparsenessandclassnoise[22], while thepresenceof noisein
thebackgroundknowledgerequiresprobabilistictests,similar to theextensionof the� -subsumptiontest
proposedby [21].

9. Website

A stand-alonereleaseof theATRE2.0systemtogetherwith thedatasetsusedin theexperimentscanbe
downloadedfrom http://www.di.uniba.it/� malerba/software/atre/.
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