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Abstract. Inductionof recursvetheoriesn thenormallLP settingis adif cult learningtaskwhose
compleity is equivalentto multiple predicatelearning. In this paperwe proposecomputational
solutionsto somerelevantissuegaisedby the multiple predicatdearningproblem.A separate-and-
parallel-conquesearchstratgy is adoptedo interleave thelearningof clausesupplyingpredicates
with mutually recursve de nitions. A novel generalityorderto be imposedon the searchspace
of clausesds investicated,in orderto copewith recursionin a moresuitableway. The consisteng
recovery is performedby reformulatingthe currenttheory and by applying a layering technique,
basedon the collapseddependeng graph. The proposedapproachhasbeenimplementedn the
ILP systemATRE andtestedon somelaboratory-sizedndreal-world datasets. Experimentake-
sultsdemonstrat¢hat ATRE is ableto learncorrecttheoriesautonomoushandto discover concept
dependenciedsinally, relatedworks andtheir maindifferenceswith our approactarediscussed.

Keywords: machindearning,jnductivelogic programmindILP), learningrecursvetheoriesmul-
tiple predicatdearning.

1. Intr oduction

Recursions afundamentatoncepin all abstractomputatiormodelswith thesameexpressie poveras
Turingmachineslt is alsotheonly control o w mechanisnavailablein purelogic programmingwithout
which, few interestingfunctionsmight be actuallyimplemented.Despiteits computationatelevance,
recursionis rarely handledby inductive learningsystems.Therehasbeenconsiderablalebateon the
actualusefulnes®f learningrecursve programsn knowledgeacquisitionanddiscovery applications It

is acommonopinionthatvery few reallife conceptseemto have recursve de nitions, rareexamples
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being“ancestor’andnaturallanguagd6, 52]. Recursioris considerednoreusefulin programmingoy

exampleg[3, 4], wherethe maintaskis that of synthesizingprogramsthat computeresults,ratherthan
generatingorogramghat classifyobsenationsasinstance®f oneconceptor another However, in the
literatureit is possibleto nd several otherapplicationsn which recursionhasproved helpful, suchas
nite meshdesign[7], dynamicalsystemd40], planning[31, 64] andautomatedelephoiy [66]. In all

thesecasesa patternoccursrepetitvely in the sametraining obsenration, andthe bestway to capture
suchan occurrencas by meansof recursive programs. The factthat one generallydoesnot know in

advancewhetherrecursionis bene cial or not in a given applicationdomainseemso justify the use
of moregeneral-purposkearningtechniqueghatcaninducebothrecursve andnon-recursie programs
[23].

Usually, explanationsof recursionare basedon the ideathat the de nition of a concept(formally
expressedy eithera function, a procedureor a predicate)s formulatedin termsof the sameconcept.
Although this is often true, suchexplanationsskip thosecasesof mutual recursion in which several
conceptsaaremutuallyde ned. For instancethefollowing logic program:

odd(sucd X)) even(X)

even(suca X)) oddX)

even(X) zero(X)
providesamutuallyrecursvede nition of oddandevennumbersalthoughno clausetakenonits own, is
recursve. This exampleshawvs thatthe problemof learningrecursie programds relatedto the problem
of learningmultiple conceptde nitions, andin the nal analysishetwo problemsareequialent.

Thiswork canbeframedin theareaof inductive logic programmingILP) [49, 12,35, 4, 56], which
usescomputationalogic astherepresentatioformalismof bothtraining obsenationsandinducedhy-
pothesesThereforewewill assumehattheconceptdo belearnedarerepresentetly meansf predicate
symbolsandthattheresultof thelearningprocesss alogical theory

Mostresearchn ILP hasfocusedon learningin the so-callednormal(or strongor explanatory ILP
setting[14, 15]. Given a backgroundheoryBK, a setof positive examplesE * anda setof negative
exampleskE , in the normalILP setting,a hypothesisT is sought,suchthat: BK [ T F E* and
BK [ T 6 E . Inotherwords,thetheoryT hasto be completeandconsistentith respecto the set
of trainingexamplesgivenBK.

In this framework, inductive learningof recursve logical theoriesis equivalentto learningmultiple
predicatede nitions from a set of examples. Recentrenaved interestin learningmultiple predicate
de nitions [32, 52], justi ed by theemploymentof ILP systemsn morecomple tasks,hasinducedus
evenmoreto investigatelearningrecursve theories.

Threeimportantissuescharacterizenultiple predicatdearningproblems.

i) De Raedtetal. [16] have shavn thatlearningmultiple predicatess moredif cult thanlearninga
singlepredicate.Thisis not dueto the factof having several predicatede nitions to learninstead
of only one;themaindif culty is thatmultiple targetpredicatesnvolvedin thesamdearningtask
mightbe somevay related soit is crucialto discover suchdependenciesyhile learningpredicate
de nitions. A wronghypothesin predicatedependenciesiay affect thelearningresults.

i) A further dif culty lies in the generalityorderto be usedin multiple predicatelearning. The
orderingtypically usedin ILP, namely -subsumptiorf58], is notsufcient to guarante¢he com-
pletenessand consisteng of learnedde nitions, with respecto logical entailment[27, 50, 55].
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Therefore,it is necessaryo considera strongergeneralityorder which is consistentwith the
logical entailmentfor the classof logical theorieswe take into account.

iii) Themainproblemsin multiple predicatdearningcanbeexplainedin termsof animportantprop-
erty of the normalILP setting: Whenerer two individual clausesare consistenin the data,their
conjunctionneednot be consistentin the samedata[13]. This is called the non-monotonicity
property of the normal ILP setting! sinceit statesthat consisteng is not presered by adding
new clausego atheoryT. Indeed,addingde nite clausego a de nite programenlagesits least
Herbrandmodel(LHM), which maythencover negative examplesaswell. For instancethetwo
clauses

Ci: happy(X) loves(Y; X);woman(Y)

Co: woman(Z) hag(Z)

areindividually consistentvith respecto:

BK = floves(daisy; donald); loves(amelia; scrooge); hag(amelia); hag(pemphredgg
E* = fhappy(donald); woman(daisy); woman(pemphredo g

E = fhappy(scrooge)g,

while thelogicaltheoryT = fC1; Cogisnot(BK [ T F happy(scrooge)). As aconsequencef
the non-monotonicityproperty clausesupplyingpredicatesvith multiple de nitions shouldnot
belearnedndividually but, in principle,they shouldbe generateall together

In orderto overcometheseproblems,De RaedtandLavrac [15] have proposedvorking on a non-
monotonicsettingof ILP, where clausescan be investicgatedindependentlyof eachother sincetheir
interactionsare no longerimportant. However, this settingproducegropertiesof examplesinsteadof
rulesgeneratingexamples For instancethefollowing clause:

Cs: loves(Y; X)  happy(X)
which expresses necessarybut not sufcient, conditionfor beinghapyy, canbe generatedn the non-
monotonicsetting. Thiskind of hypothesesannotalwaysbeusedfor predictingthetruth valuesof facts.
Whenwe areinterestedn predictionsghenormallLP settingis moreappropriate.

Several studieson the problemof learningrestrictedforms of recursve theoriesin the normal ILP
settinghave beenpresentedn theliterature.Cohen[11] provespositive andnegative resultson the pac-
learnability of severalclasse®f logic theoriesthatareallowedto includearecursve clause.Cameron-
JonesandQuinlan[9] investicatea heuristicmethodfor preventingin nite recursionin singlepredicate
de nitions with thesystemFOIL. De Raedtetal. [16] proposeanalgorithm,namedMPL, thatperforms
a greedyhill-climbing searchfor learningmultiple predicatede nitions. Giordanaetal. [26] de ne a
bottom-uplearningalgorithm,calledRTL, that rst learnsa hierarchical(i.e., non-recursie) theory T
which is completeand consistentandthentries to synthesizea simplerecursve theoryfrom T. Aha
etal. [1] have developeda systemcalled CRUSTACEAN (derived from LOPSTERby Lapointeand
Matwin [34]), which is ableto learnrecursve de nitions consistingof a unit clauseanda two-literals
recursve clause.PROGOL guidesa top-davn generalizatiorprocesswith a known bottomclauseand
canlearnrecursve clausedy invertingimplication betweerfunction-freede nite clauseg51]. Martin

This propertyshouldnot be confusedwith otherpropertiesof the alternatve non-monotonidLP setting whosenameis due
to its relationto non-monotoniaeasoning.
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andVrain [45] dealwith the problemof inducingmutually recursve predicatede nitions suchthateach
clauseof the learnedtheoryextensionallycoverssomepositive examplesandrejectsthe negative ones.
Bostiom [5] proposesnalgorithmthat,undersomeassumptions;orrectlyspecializes givenrecursve
theorywith respecto positive and negative examples.ldestam-Almquis{29] suggesta techniquefor
ef ciently learningrecursve de nitions including onebaseclauseandonetail recursve clausefrom a
randomsampleof examples. An iterative bootstrapinduction methodfor learningrecursve predicate
de nitions hasbeenstudiedby Joige and Brazdil [30]. Mo zur and Numao[48] adopta top-dovn
approacho learningrecursve programswith only onerecursve clause An extensionof MPL to normal
programss proposeddy FogelandZaverucha[24]. Finally, aninteractve multiple predicatelearning
systemcalledLogan-Hhasbeenpresentedn theliterature[32]. A thoroughovervien of achie’ements
in theinductive synthesiof recursve logic programscanbefoundin [23].

In this paper a new approactto the problemof learningmultiple dependentonceptds proposed.
It differsfrom otherapproachefor atleastoneof the following threeaspectsthelearningstratagy, the
generalizatioomodel,andthe strate)y to recover the consisteng propertyof the learnedtheorywhena
new clauses added.Thesedeashave beenimplementedn anew versionof thelearningsystemATRE
[42], whosefull descriptionis reportedn this paper

The paperis organizedasfollows. Section 2 introducegheissueselatedto theinductionof recur
sive logical theories.Section3 illustratesthe learningstrateyy adoptedoy ATRE. Section4 is devoted
to thegeneralizatioomodelwhoseimplementatioris alsosketched.A solutionto the problemof recov-
eringnon-monotonit¢heoriess proposedn Section5. In Section6 the proposedapproachs illustrated
throughthe systemATRE, whichis characterizethy anobject-centeredepresentatioof trainingexam-
ples,by theuseof seedobjects andby theadoptionof classicahegation. Someexperimentakesultsand
anapplicationto thereal-world problemof understandingnulti-pageprinteddocumentsredescribedn
Section?. Finally, Section8 concludestoucheauponrelatedwork anddiscussegleasfor furtherwork.

2. Problemspeci cation

Henceforth the termlogical theorywill denotea setof de nite clauses.Every logical theoryT canbe
associatedvith a directedgraph (T) = hN; Ei, calledthe dependencgraphof T, in which (i) each
predicateof T is anodein N and(ii) thereis anarcin E directedfrom a nodea to a nodeb, iff there
existsaclauseC in T, suchthata andb arethe predicatef aliteral occurringin the headandin the
bodyof C, respectiely.

A dependencgraphallows representinghe predicatedependenciesf T, wherea predicatedepen-
dencyis de ned asfollows:

De nition 2.1.(predicatedependency)

A predicatep depend®on a predicateq in atheoryT iff (i) thereexistsaclauseC for p in Tsuchthatq
occursin thebodyof C; or (ii) thereexistsaclauseC for pin T with somepredicater in thebodyof C
thatdependonq[12].

It is easyto noticethatthe direct (i) andindirect (ii) predicatedependenciesf T arerepresented
asarcsandpathsrespectiely in  (T). This correspondencmay be highlightedby reformulatingthe
problemfrom analgebraigointof view. Let (T) bethesetof predicate®ccurringin thelogicaltheory
T. Thedirect(i) predicatedependencie T maybe mathematicallydepictedasinstancesf a binary
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relationon (T), namelyRgpqg (T) (T). ThebinaryrelationRpq for predicatedependencieis
the transitive closureof Rqpq. Giventhateachbinary relationcanbe associateavith a directedgraph,
thegraphcorrespondingo Rqpq is justthedependencgraph (T) = h (T); Rgpdi -

De nition 2.2.(recursive theory)
A logicaltheoryT is recussiveif thedependencgraph (T) containsatleastonecycle.

In simplerecursve theoriesall cyclesin the dependengcgraphgo from a predicatep into p itself,
thatis, simplerecursve theoriesmay containrecursve clausesbut cannotexpressmutualrecursion.An
exampleof adependencgraphfor arecursve theoryis givenin Figurel.

odd

even(X) « suce(Y X}, 0dd(X)
even(X) < zero(X)

T /

odd(X) ¢ suce(¥, X)even(Y) j
¢ven

Zero sSUce

Figurel. A recursvetheoryandits correspondinglependengcgraphfor thepredicateddandeven

De nition 2.3.(predicatede nition)
Let T bealogicaltheoryandp a predicatesymbol. Thenthede nition of pin T is the setof clausesn

T thathave p in their head.

Henceforth, (T) will denotethe setof predicatesde ned in T. It is worthwhile to notice that
(M) (T). For instance,with referenceto the theoryin Figurel, (T) = feven;oddg, while
(T) = feven;odd;zero;sucag.

In aquitegeneraformulation,thelearningtaskin thenormallLP settingcanbede ned asfollows:

Given
A setof predicatesy, p2, ..., pr tobelearned
A setof positive (negative) examplesE" (E; ) for eachpredicatepi, 1 i r
A backgroundheoryBK

A languageof hypotheset  thatde nesthespaceof hypotheseSy

Find
a (possiblyrecursie) logical theory T 2 Sy de ning the predicatess; p2;:::;pr (thatis, (T) =
fp1;p2;:::;prg suchthat for eachi, 1 i r,BK [ T E E (completenesproperty)and

BK [ T 6 E; (consistencyroperty).

Moststudiesontheproblemof inductionof recursve theorieshave concentratednlearningasimple
recursve predicatale nition [9, 29,30, 48], thatis asinglepredicateade nition includingsomerecursve
clause In thiscasethemainissueis how to guarante¢hatlearnedde nitions areintensionallycomplete
andconsistentLearningsimplerecursve theoriess morecomplicatedsinceit is necessaryo discover
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the right orderin which predicateshouldbe learned[26], thatis the dependeng graphof the theory
Oncesuchanorderhasbeendeterminedpossiblyusingstatisticatechniquesthe problemcanbeboiled
down to learningsinglepredicatede nitions [44]. Thelearningproblembecomedharderfor (mutually)
recursve theories? because¢helearningof one(possiblyrecursve) predicatede nition shouldbeinter-
leavedwith the learningof the otherones. Oneway to build suchinterlearing is by parallellearning
clausedor differentpredicatesin factthisis the stratgy adoptedoy ATRE.

3. Thelearning strategy

The high-level learningalgorithmin ATRE belongsto the family of sequentialcovering (or sepaate-

and-conqueralgorithmg47], sinceit is basednthestratgy of learningoneclauseatatime (procedure
LEARN-ONE-RULE), by removing the coveredexamplesand iterating the processon the remaining
examples. Indeed,a recursve theory T is built stepby step, startingfrom an empty theory T, and

addinganew clauseat eachstep.In thisway we obtaina sequencef theories:

To= ;5 Ty TisTisr iy T = T

suchthatT;  Tj+1 andall theoriesin the sequenceare consistenwith respecto the training set. If
we denotewith LH M (T;) theleastHerbrandmodelof atheoryT;, the stepwiseconstructiorof theories
requireghatLH M (T;) LH M (Tj+1),foreachi 2 f0;1;:::;n 1g. Indeedtheadditionof aclause
to atheorycanonly augmenthe leastHerbrandmodelof thetheory Henceforthwe will assumehat
bothpositive andnegative examplesof predicateto belearnedarerepresentedsgroundatomswith a+
or - label. SinceexamplesaregroundatomsandHerbrandmodelsaresetsof groundatomsby de nition,
it is possibleto checkwhetheranexamplebelongso LH M (T;), for eachi 2 f0;1;:::;ng.

Let pogLH M (T;)) and neg(LH M (T;)) be the numberof positive and negative examplesin
LH M (T;), respectiely. If we guaranteethat pogLH M (T;)) < pogLH M (Ti+1)), for each
i2f0;1;:::;n 1gandthatneg(LH M (T;)) = O, foreachi 2 f0;1;:::;ng, then,aftera nite num-
berof steps,atheoryT, which is completeand consistentjs built. WhetherthetheoryT is “correct”,
thatis, whetherit classi es correctlyall otherexamplesnot in the training set, cannotbe established,
sinceno informationon the generalizatioraccurag canbe dravn from the sametraining data. In fact,
the selectionof the “best” theoryis always madeon the basisof aninductive biasembeddedn some
heuristicfunctionor explicitly expressedy the userof thelearningsystem(preferenceriterion).

In orderto guaranteehe rst conditionabove, namelyposLH M (T;)) < poS(LH M (Ti+1)), we
follow the sameprocedureadoptedn INDUCE [46] andProgol[51]. First, a positive examplee* of a
predicatep to belearnedis selectedsuchthate* 62LH M (T;). The examplee® is calledseed Then
the spaceof de nite clausesnoregenerathane® is explored,looking for a clauseC, if any, suchthat
neg(LH M (T; [ fCg)) = 0. In thisway, we guaranteghatthe secondconditionabore holdsaswell.
Whenfound,C is addedto T; giving Tj+1 . If somepositive examplesarenotincludedin LH M (Tj+1),
thenanew seeds selectecandthe processs repeated.

Themostrelevantnoveltiesof thelearningstrateyy sketchedabove areembeddedh thedesignof the
procedurd EARN-ONE-RULE beingproposed.Indeed ,this implementsa parallelgeneral-to-speci ¢

2In generalthemutualrecursiorcannotberemavedby reformulatingatheoryT withoutintroducingadditionalnew predicates.
This alsoexplainsthe additionaldegreeof complexity in learningrecursve theorieswith respecto inducingsimplerecursve
theories.
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example-drven searchstratgy in the spaceof de nite clauseswhoseordering(calledgenerlizedim-
plication) is explainedin Section4. The searchspaceis actuallya forestof asmary search-treegcalled
specializatiorhierarchieg asthe numberof choserseedswhereat leastoneseedperincompletepred-
icatede nition is kept. Eachsearch-treés rootedwith a unit clauseanda directedarc from a nodeC
to anodeClexistsif Cis obtainedfrom C by a singlere nementstep. Operatvely, the (dovnward)
re nementoperatorconsideredn this work addsa new literal to a clause?

Theforestcanbe processedn parallelby asmary concurrentasksasthe numberof search-trees.
Eachtask traversesthe specializationhierarchiestop-davn (or general-to-speci c) but synchronizes
traversalwith theothertasksat eachlevel. Initially, someclausesat depthonein theforestareexamined
concurrently Eachtaskis actuallyfreeto adoptits own searchstrateyy, andto decidewhich clausesare
worth testing. If noneof the testedclauseds consistentclausesat depthtwo are considered.Search
proceeddowardsdeepetanddeepetevels of the specializatiorhierarchiesuntil atleastoneconsistent
clauses found.

Tasksynchronizatioris performedafterall “relevant” clausesitthe samedepthhave beenexamined.
A supervisottaskdecidesvhetherthe searchshouldcarry on or not, on the basisof theresultsreturned
by theconcurrentasks.Whenthesearchhasstoppedthesupervisoselectghe“best” consistentlause,
accordingo theusers preferenceriterion.

Theadwantageof this strat@y is thatthe simplestconsistentlausesrefound rst, independentlyf
the predicatego be learned® Moreover, the synchronizatiorallows tasksto save muchcomputational
effort whenthe distribution of consistentlausesn thelevelsof thedifferentsearch-trees uneven.

Theparallelexplorationof the specializatiorhierarchiedor the predicate®dd andevenis shavn in
Figure2. Supposehattheseed®ven(0)andodd(1)areselectedA partialview of thetwo corresponding
specializatiorhierarchieds shown in the gure, whereconsistentlausesarereportedn italics. Levels
refer to the specializationstep. By exploring the two hierarchiedevel by level, ATRE nds several
candidateclausedo addto theinitial emptytheoryTy. However, the simplestclausethatis:

even(X) zewn(X)
is found rst, andis addedo Ty, sothe basecaseof recursioris de ned. To generateéhesecondlause,
two new seedsare consideredsay even(2)and odd(1) In this case,the rst two consistentclauses
generatedby the systemare:

odd(X) succ(YX),zeo(Y)

odd(X) succ(YX),even(Y)

In particular thegeneratiorof thesecondlausds possiblesinceapartialde nition of evennumbers
hasalreadybeengeneratedh thepreviousstep.Oneof thetwo clausewill beselectecandaddedo the
theoryT, = feven(X)  zero(X)g.

It is noteworthy thatbothclausesntailthe only positive exampleodd(1) thereforeaselectiorof the
mostpromisingclausecanbebasedxclusively on someform of searchbiasor userpreferenceriterion.
For instancethe secondclauseis preferredbecauseét is moregenerakhanthe rst, giventhe partially
learnedtheory (seethe de nitions of generalityorderin the next section). Another critical choiceis
that concerningthe seeds. If the systemhad startedfrom even(2)and odd(1) the rst clauseadded

3A discussioron propertiesf this operatolis beyondthe scopeof this paper A thoroughdescriptiorof upwardanddowvnward
re nementoperatorcanbefoundin [56].

“Notethatin somerecursie de nitions arecursie clausecanbe syntacticallysimplerthanthe baseclause This might appear
to causeproblemsn this stratgy. However, the proposedstratgly doesnotallow the discovery of therecursve clauseuntil the
baseclausehasbeenfound,whatever its compleity is.
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to the theorywould have beenodd(X)  succ(YX), zeo(Y), thusresultingin a lesscompact,though
still correct,theoryfor odd andeven numbers.Therefore, it is importantto explore the specialization
hierarchieof severalseedgor eachpredicate Whentraining examplesandbackgrouncknowledgeare
representeditherassetsof groundatoms( attened representationdr asgroundclausesthe numberof
candidateseedsanbe very high, sothe choiceshouldbe stochasticThe object-centeredepresentation
adoptedy ATRE hastheadwantageof reducingthe numberof candidateseeddy partitioningthewhole
setof training examplesk into objects Eachobjectcontainssomeof the seeddor the generatiorof
baseclausedn arecursve theory Sincein mary learningproblemsthe size of an objectis not very
high, a parallelexplorationof all candidateseedss feasibleandthe computationalssuereportedabove
is solved. More detailson ATRE's object-centeredepresentatioaregivenin Section6.

For a comparisorof the proposedsearchstrategyy with respecto the othersystemghat attackthe
problemof multiple predicatdearningseeSection8.1.

seeds even(0) add(1)

Level 0 even(X) < odd(X) <

Level 1 even(X} «'—ZérO().f)/ >n(;<) 3 suCC(XY? odd(X) < succ('l:{ >d(X)‘<—,$uCC(X,Y)

Level? even(X) ezerofX)  even(X) esucc(;i,Y)/ - odd(x) «—sz:cc({)() >d(;<) —suee(Y,X) o
succ(X,7) suce(Y,Z) zerofT} suce(X,Z)

seeds even(2) add(1)

Level 0 even(X) < odd(X) <

Level 1 even(X) suw-("lg >n(;<) £ suCC(XY? odd(X) ff}lcc('l:,X)/ >d(X)‘ <—succ(XY)

Level2 cven(X) e:QX) even(X) ﬂucv&{ R odd(X) «'—s@ >a’()f‘) esuce(V.X) a
succ(ZY) suce(Y,Z) zerof¥) even(T)

Figure2. Parallelsearclfor thepredicate®ddandeven

4. The generalizedimplication model

A moreprecisede nition of thesearchspaceof the LEARN-ONE-RULE stageis necessaryWe follow
the usualpracticeestablishedn ILP of de ning a generalityorder (or genealization mode), which
providesa basisfor organizingthis searchspace.Indeed,clarifying whatis the generalityorderis the
rst steptowardsareasonediesignof alearningsystem.

Severalgeneralityordershave beerreportedn theliterature themostknown beingthe -subsumption
[58]. In the -subsumptionthe objectsof comparisoraretwo clausessayC andD, andno additional
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sourceof knowledge(e.g.,atheoryT) is consideredThisis alsotrue for othergeneralityorderlik e im-
plication or T-implication[28]. However, comparingtwo de nite clausesyhatever the generalityorder
is, mayleadto incorrectresultsin the caseof recursve theories.

Example4.1. For instancewith referencedo previousexampleon odd andevenpredicatesthe clause
C:oddX) sucqY;X);even(Y)
logically entails,andhencecanbe correctlyconsiderednoregenerakhan
D:odd3) sucd0;1);sucdl;?2); sucd?2; 3); even(0)
only if wetake into accountthetheory:
T: even(A) sucqB;A);oddB)
even(C) zero(C)

Therefore we areonly interestedo thosegeneralityorderthat comparetwo clausegelativelyto a
giventheoryT, suchasBuntine's genemlizedsubsumptiofi8].

De nition 4.1.(generalizedsubsumption)
Let C andD betwo de nite clauseswith disjointvariables:

C:Cyp Cp;CpiiiiiCp

D: Dy D1;Dy;:::;Dm
C is more generl thanD undergeneralizedubsumptiorwith respecto atheoryT, denotedC 1 D,
if asubstitution exists,suchthatCy = Do andfor eachsubstitution thatgroundshevariablesn D
usingnew constantsvhichdo notoccurin C, D, andT, it happenghat:

T[fD1 ;D2 ;::5iDm g F 9(C1;C2;:::5Ch)

T[fD1 ;D2 ;::5;Dm g “sip (C1;C2iii1;Ch)
Informally, generalizedubsumptiomequiresthatthe headsof C andD referto the samepredicate,
andthatthebodyof D canbeusedtogethemith thebackgroundheoryT, to entailthebodyof C.

Example4.2. Let usconsiderthefollowing clauses:

C:even(X) sucdY;X);sucdZ;Y);even(Z)

D:even(U) sucqV;U);sucqW;V); zero(W)
andthefollowing theory:

T:even(A) zero(A)

Then,the substitution = fX Ug matcheghe headof C againstthatof D. Moreover, for each
substitution thatgroundshevariablesn D (i.e.,U, V andW) usingnew constantsvhichdonotoccur
in C, D, andT, it happenghat:

sucqY;U );sucdZ;Y);even(Z)
canbederivedfrom thede nite program

1. even(A) zero(A)
2. sucqV ;U )

3. sucdW ;V )

4. zero(W ).
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Thederivationis reportedn Figure3. ThereforeC 1 D.

suce(Y,Us), succ(Z,T), even(Z)
1(2) {Y<Va}

suce(Z,Va), even(Z)
(3) {Z«Wo }

even(Wa)
(1) {A<Wo}

zero/Wa)

|

Figure3. SLD resolutionproving thatC  D. At eachstepboththe numberof the resolvingclauseandthe
mostgeneraluni ers arereported.

Unfortunately generalizedsubsumptioris too weakfor recursve theories?

Example 4.3. Let usconsiderthefollowing clauses:

C:o0ddX) sucqy;X);even(Y)

D:oddU) sucqV;U);sucdW;V);sucdZ; W); zero(Z)
andthefollowing theory:

T: even(A) sucdB;A);oddB)
even(C)  zero(C)

Thesubstitution = fX Ug matchedhe headof C agninstthatof D. However, if we consider
thefollowing groundingsubstitution = fU 3;V. 2W  1;Z  0gthefollowing goalclause:

sucdY; 3); even(Y)
cannotbederivedfrom thede nite program

even(A) sucdB;A);oddA)
even(C) zero(C)

sucd?2; 3)

sucdl; 2)

sucq0; 1)

o 0 M~ w N oBE

zero(0).

Thereforewe cannotconcludethatC 1 D, althoughT [ fCgfF D.

SInformally, an orderis too strongfor a classL of theorieswhenit canbe usedto organizetheoriesof a strictly wider class
L% L, accordingo logical entailment.If the organizationof theoriesin L is not consistentith logical entailmentthenthe
orderis too weak.
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An alternatve generalityorder known asrelativegenearlization wasproposedy Plotkin [58, 59].
It is atthe baseof the betterknown Plotkin's de nition of relative leastgeneralgeneralizatiorf59].

De nition 4.2.(relative generalization)

Let H beasetof clauses,T asetof unit clausegor a conjunctionof atoms)andD a de nite clause.
H is more geneal thanD givenT, if andonly if onecanderive ade nite clauseC by resolutionfrom
T[ H which -subsume®, andall resolutionsn thedervationof C involve aclauseof T.

Buntine[8] reportsan extensionof Plotkin's relativegenerlizationto the caseof atheoryT com-
posedof de nite clausegnot necessarilynit clauses).

De nition 4.3.(relative generalization)
Let C andD betwo de nite clauses.C is more generl than D underrelative generalizationwith
respecto atheoryT, if asubstitution existssuchthatT F 8(C ) D).

Thefollowing theoremholdsfor thethis extendednotion of relative generalization:

Theorem4.1. Let C andD betwo de nite clausesandT alogical theory C is moregeneralthanD
underrelative generalizationyith respecto T, if andonly if C occursat mostoncein somerefutation
demonstrating E 8(C) D).

However, this extendednotion of relative generalizations still inadequate.From one side, it is
still weak. Indeed,if we considerthe clausesandthe theoryreportedin example4.1, it is clearthata
refutationdemonstrating F 8(C ) D) involvestwicetheclauseC to prove bothodd(1) andodd(3).
On the otherside, this notion is too strongfor our goals. Taken literally, it would lead us to consider
unintuitive solutionsof the conquerstageasillustratedin thefollowing example.

Example 4.4. Let usconsidethefollowing trainingset:

+: fp(a); p(b)g

: fp(c)g
thefollowing backgroundknowledge:

BK: fqg(a);r(a;b);s(b);r(c;bg
andthefollowing incompletetheorybuilt atthe rst step:

T p(X)  q(X).

Let p(b) be the selectedseed. A desirablesearchspaceof clausesmore generalthan p(b), given
BK [ T1, wouldbethesetof clausesvhoseheads p(X ), sinceouraimistoinduceapredicatele nition
for p. Thisspacecontainsfor instancetheclausep(Z)  s(Z). However, the spaceof clauseghatare
relatively moregenerathanp(b) givenBK [ Ti includesothersolutions,suchasqg(Y)  s(Y). This
lastclauseis correctandevenrelatively moregenerathanp(Z)  s(Z).6 Neverthelesst is notintuitive
becausét doesnot seemto berelatedto the target predicatep. Moreover, this solutionis not coherent
with our formulationof thelearningproblem,sinceqis de ned in the backgroundknowledgeanddoes
not appearamongthe predicatesvhosede nition hadto beinduced. In this work, we do not consider
thesesolutions which would make the multiple predicatelearning problemsevenharder to solve

bIndeedgivenT = BK [ Trand = fY  Zg, it canbeproventhatT F 8(q(Z) s(Z))) (p(Z) s(Z)),whichis
equivalentto provingthatT [ 8fq(Z) s(Z)gE 8(p(Z) s(Z2)).
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This restrictionis re ected by a new ordering,namedgenealizedimplication

De nition 4.4.(generalizedimplication)

Let C andD betwo de nite clauses.C is more generl than D undergeneralizedmplication, with
respecto atheoryT, denotedcasC 1) D, if asubstitution existssuchthathead(C) = head(D)
andT E 8(C) D).

This generalityordercanbe provedto be strictly strongerthangeneralizedsubsumptiorsincethe
conditionT = 8(C ) D) in De nition 4.4entailstheconditionT [ fD; ;D2  ;:::;Dnm g
E 9(C1;Cy;::::Cp)  in De nition 4.1.7 In view of Theorem4.1 generalizedmplicationreducego
generalized subsumptionwhen C comparesonly at the root of the refutation demonstrating
T E 8(C) D). Moreover, thefollowing propertieshold.

Proposition4.1. Let C, D andE bede nite clausesandT be a theory The generalizedmplication
ordersatis esthepropertiesof:

i) reexivity:C 1, C

i) transitivity C 1, DandD 7, E,thenC 1, E

Proof:

i) Trivial if theemptysubstitutionis chosen.

ii) By de nition, a substitution ; exists suchthathead(C) 1 = headD) andT  8(C ) D),
and a substitution , exists suchthathead D) , = headE) andT F 8(D ) E). Let =
be the substitutionobtainedby the compositionof ; and ,. ThenheadC) = headC) 1 » =
headD) , = head(E). Moreover, fromT E 8(C) D)andT F 8D ) E), T F 8C ) E)
follows. t

It canalsobe proved thatthe semi-decidabilityof the generalizedmplication, namelythe termina-
tion of thegeneralizedmplicationtest,is guaranteeavhenC 1) D. However, suchanegative result
is overcomewhen Datalogclauseq10] areconsidered.In fact, the restrictionto function-freeclauses
is commonin ILP systemswhich remove function symbolsfrom clausesand put themin the back-
groundknowledgeby techniquesuchas attening [61]. This transformatiordoesnot causeproblems
in handlingnumericdata,aswe will shav in Section6.

4.1. Implementing generalizedimplication test

A naie implementationof the generalizedmplication testis obtainedby testingthat head(C) =
head(D) for some andthenby computingthe leastHerbrandmodelsof fCg[ T andfDg[ T:
C 1) Difandonlyif LHM(fDg[ T) LHM(fCg[ T). Sincethe leastHerbrandmodel

"Let beasubstitutionthatuni es the headsof C andD. Sincetheimplicationis monotonewith respecto the application
of asubstitution,T = 8(C ) D) entailsT F 8(C ) D ). Moreover, it is sufcient to considerthe logical equivalence
betweenC ) D and: D ) :C ,andthetheoremstatingthatprovingT F 8(: D ) : C ) isequvalentto proving
T[f D gF 8 C.
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of atheory T coincideswith the least x ed point of the immediateconsequenceperator 1,8 we can
computetheleastHerbrandmodelsoperatvely.

De nition 4.5.(immediate consequenc®perator)
Letground(T) bethesetof all groundinstance®f clausesn T. GivenaHerbrandnterpretation , that
is asetof groundatomsbuilt onthe samealphabebf T, theimmediateconsequenceperatorcomputes
thefollowing interpretation:

t(1):=fHjH By;:::;Bm 2 ground(T),fB1;:::;Bmg |9

It canbeshown that,for setsof de nite clausethein nite sequencef interpretationcomputedoy
theiterative applicationof theimmediateconsequenceperator:

T"0:=;

" 1= 1()
T"2:=1(1(G)
T ::li{TZLE(;))

corvergesto LH M (T), which is the least xpoint of 1 [39]. Notationally t " 1 := LH M(T).
Moreover, the corvergenceto the xpoint in a nite numberof iterationsis guaranteedby the niteness
of theHerbrandbasefor Datalogtheories.

One causeof inefciency in the naive evaluationis that groundfactsin LH M (T) may be com-
puted mary times during the iteratve applicationof 1. Semi-ndve evaluation partially overcomes
this redundang by partitior'@gT into n layers, suchthat T = TO[ ;[ T'[ :::[ T" Y and
LHM(T) = LHM(LHM( ...y >TH [ T" 1). Actually, moreef cient methodshanthe semi-
nave oneproposedn this sectionarereportedn theliterature.They have beenmostlydevelopedin the
contet of bottom-upevaluationof queriesin deductve databasefL0, 60]. However, the mainobjective
of our proposais thatof introducingsomeimportantpropertiesof layeredtheorieswhich will beuseful
in thenext sectiononrecoveringthe consistencyf a theory.

.....

no longerconsideredvhencomputingthe logical consequencesf T'.

Example 4.5. Let T °bethefollowing theory:

Ci:p(X)  a(X)

Carq(Y) r(X;Y)
and

BK:fq(a);r(a;b);s(b);r(c;bg.

Let ussupposehatthetheoryT = BK [ T%maybe partitionedasfollows: T = TO[ T1[ T?,
whereT% = fr(a;b);s(b);r(c;bg, T! = fg(a); C.gandT?2 = fC,g.

Indeed,LH M (T) = fq(a);r(a;b); s(b); r(c;b); q(h); p(a); p(b)g, and

8The standardhotationusedin logic programmingand deductve databasefor the immediateconsequenceperatoris Tp,
whereP is the logic programor the Datalogprogram. Henceforth,the operatorwill be denotedby -, in orderto avoid
confusionwith thesymbolT usedfor thelogicaltheories.
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LHM (T = T°

LHM(TO[ TH=LHMLHM(TO[ TH = LHM(TO[ T =

= fr(a;b);s(b);r(c;b);q(a);aBg= ti(fr(ab);s(B);r(c;b)g) = i(LH M (T?)

LHM(TO[ TY[ T =LHM((LHM(T°[ TH[ TH) =

= LH M (fr(a;b); s(b); r(c;b); a(a); a(b)gl fCa9) =fr(a;b);s(b);r(c;b);a(a); a(b); p(a); p(b)g =

= r2(fr(a;b);s(b);r(c;b);q(@); a(b)g) = r2(LHM(TO[ T1)

Noticethataccordingo theclassicaiterative applicationof theimmediateconsequenceperatoithe
groundatomsp(a) andq(b) would becomputedbothin + " 2and 1 " 3, since:

R

T"1:= 7(71"0)=BK

T"2:= 1(1"1)=BK][ fp(a);qbg

T"3:= 1(1"2)=BK[ fp@;qbg[ fp@);ab);p(b)g.

Issues related tQ the problem of nding laygrs of a recursve theory T such that
Dif culties arisebecausdhe dependencgraph (T) isa difébtedcyclic graph. In orderto remove
cyclesfrom (T) weresortto the notionof the strongly connectedomponenof a directedgraph[37].

De nition 4.6.(strongly connectedcomponent)
Two verticesof adirectedgraphG, v; andv,, aresaidto bestronglyconnectedf thereis adirectedpath
from vy to v, andadirectedpathfrom v, to v;.

It canbe proven that a directedgraphG = hV;Ei canbe decomposeds an “acyclic graph” of
stronglyconnectedomponentin O(jVj+ jEj) time. Theresultof thisdecompositiolis calledcollapsed
dependengcgraph.

De nition 4.7.(collapseddependencygraph)

Let (T) bethedependengcgraphof alogicaltheoryT. Thecollapseddependencgraphof T, denoted
as”\(T), is adirectedagyclic graph(dag), obtainedby collapsingeach(maximal) strongly connected
componenbf (T) intoasinglenode.

Nodesin ~(T) areequivalenceclassesith respecto the strongconnectvity relation. Thus,given
alsothe propertiesof dag's, it is easyto computethe level of a predicatep 2 (T) asthe maximum
distanceof [p] from aterminalnodein ~(T), whereterminalnodesarenodeswith no out-comingedges.

De nition 4.8.(predicatelevel)

Let ~(T) bethecollapseddependengcgraphof alogicaltheoryT. Thelevel of apredicatep 2 (T) is
givenby: (

0 if [p] is aterminalnodein ~(T)

level(p) =
P 1+ maxflevel(g)jg2 (T) and[q]isachildof[p] in*(T)g otherwise

Any logicaltheorycanbelayeredon the basisof thelevel of its predicates.

De nition 4.9.(layeredtheory)
Let ~(T) bethe collapseddependeng graphof alogical theoryT. ThenT canbe partitionedinto n
disjointsetsof clausesT = TO[ :::[ T'[ :::[ T" 1, calledlayers, suchthat

8i2f0;:::;;n 1g: (TH=fp2 (T)j level(p) = ig.
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It is worthwhile observingthat sucha techniquefor the layeringof a logical theoryinducesa total
orderonthelayers, 7% ::: T! ;. T" L

Example4.6. Let T beatheoryobtainedby the unionof abackgroundknowledge
BK: ff (a);s(a;b);s(b;c);s(c;d);s(d;e)g
andatheory T °consistingof
Ciip(X) f(X)
Cara(Y) p(2);s(Z;Y)
Caip(U)  q(V);s(V;U)
GivenT = BK [ T%then (T) = ff;s;p;qg, while (T) is thefollowing:

$
&

- H#* ©
v H* O

Thusthe equivalenceclassesvith respecto strongconnectvity are[f ], [s], and[p, d], and™(T) is
thefollowing graph:

[p. d]
&

[f] [s]

with level(f) = level(s) = 0 andlevel(p) = level(q) = 1. Thereforetwo layersT® = BK and
T! = TOareextracted.

Thefollowing propositioncanbe proved.

Proposition4.2. Let T bealogicaltheorywhichhasbeerpartitionednton layers,T = TO[ :::[ T" 1,
andH beagroundatomwith p@dicatesymbolp 2 (T%,k=0;:::;n 1. ThenH 2 LH M (T), if
andonlyif H 2 LHM (LHM (" ;e 1 T TX).

.....

Proof:

() ) LetH 2 LH M (T). Forthe x-point theorem9i > 0, suchthatH 2 1 " i, thatis, by de nition

of immediateconsequenceperatoy a groundclauseof T exists, H A0 An 2 ground(T),

whereA; 2 1" (i 1),j = 1;2:::;m. Sincep2 (TX)thenH  Ag;:::;Am 2 ground(TX).
Theproofis by inductiononthelayerk.

k = 0 Wewantto prove thateachA; 2 LH M (T9), from whichH 2 LH M (T9) follows. The proof
continuedy inductionon theiterationstepi.

i=1 SinceH 2 1 "1,thenH 2 T, thatis, H is agroundfactof thetheoryT. More speci cally,
H 2 T9, thereforeH isintheLH M (T©).

i>1EachA; 2 1" (i 1), thereforeA; 2 LH M (T). Fromthe constructionof the layers
it follows thateachA; is a groundatomwith predicatesymbol (Aj) (T9). By the
inductionhypothesiseachAj 2 LH M (T9),j = 1,2;:::;m.
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S
k> 0 We want to prove that eachA; 2 LHM(LHM( ... ;T) [ TX), from which
J r=0;:5k 1

.....

H 2 LHM(LHM( .., ;T") [ T¥) follows. The proof continuesby inductionon the
stepi.

i =1 SinceH 2 1 "1,thenH 2 T, thatis, H is agroundfactof thetheoryT. More speci cally,
H 2 Tk, dherefore H is in the LH M (T¥), and more generally H is in
LHM(LH M (Si:O""'k LT[ TK), sincetheadditionof a setof clausegi.e., theground

clausedH M (" ;9. 1 T'))toatheoryTk canonly augmentheleastHerbrandmodel

of thetheory
i > 1 From the constructionof the layersit follows that eachA; is a groundatomwith predi-
catesymbol (Aj) (T"), for somer k. Moreover, Aj 2 1 " (i 1), there-

foreA; 2 LH g/l (T). By bothinductive hypothesegon k andi), we may saythatA; 2
LH M (LH M ( r=0g:ik 1T TK), for eachj = 1;2;:::;m, andthen concludethat

S S
(( )LetH 2 LHM (LH Mé =0k 1T TK). In particular if H 2 LH M ( R

thenH 2 LH M (T), since ,_g.... 1 T' T. Otherwise,H is obtainedby goplyingiteratively

.....

the immediateconsequenceperator y«, startingwith the interpretationtHM (..., 1 T")

LH M (T), @atis, H2 «(LHM( g..qc 1T7) " 1. Since 1« is monotoneand TX T,

HHM (T pge 1 TN 1(LHM(T)) " 1 = LH M (T). ThereforeH 2 LH M (T).

u

This propositionstatesthat a necessarand sufcient conditionfor a groundatomwith predicate
symbolp 2 (TK) beingin LH M (T) is thatH is computedl:g iteratively applying the immediate
consequenceperator 1«, startingwith theinterpretationtH M ( ,_; ..., ; T"). Proposition4.2can

.....

beusedto prove thefollowing theoremon theleastHerbrandmodelof alayeredtheory

Theorem4.2. Let T beatheorywhichhasbeenpartitionedinto n layersaccordingo thecriteriongiven
in De nition 4.9.Then S
8n LLHM(T)=LHM(LHM( ...

Proof:

ground atoms withca predicate symbol in (T").  From Proposition 4.2 it follows that
P' LHM(LHM( jo. (T")[ T')and
LHM (T)=P°[ P[ :::[ P" 1

.....

.....
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o 1(LH M(szo;:::;n LTI "1 70 f(LHM(T) "1 1(LHM(T)) = LH M (T). There-

foreH 2 LH M (T). t

To sumup the procedure the layering of a theory provides a semi-nave way of computingthe
generalizedmplicationtestpresentecbove. Theimportanceof layeringwill be moreevidentwhenthe
problemof recorering consisteng is dealtwith (seenext section).

5. The consistencyrecovery strategy

Anotherlearningissueto be consideredn multiple predicatelearningis the non-monotonicityof the
normallLP setting: Wheneer two individual clausesare consistenbn the data,their conjunctiondoes
not needto be consistenton the samedata[13]. Algorithmic implicationsof this property may be
effectively illustratedby meansof anexample.

Example5.1. Let the following setsbe positive examples,negative examplesand backgroundknowl-
edgerespectiely:

+:1p(5).a(1), a(4)g

- p(3);a(3)g

BK: ff(3),0(0);9(1);s(0; 1); s(1; 2); s(2; 3); s(3; 4); s(4; 5)9
Let ussupposehatthefollowing consistentbut notcompleterecursve theoryT, hasbeenlearnedafter
two conquerstages:

Ciiq(X)  s(Y;X);f(Y)

Ca:p(Z)  s(W;Z);q(W)
NotethatCy tcogrek;) fa(4)g,andCz tcigek; fP(5)g, thatis T, explainstwo positve exam-
plesq(4) andp(5) givenBK . SinceT, is incompletethelearnemwill generatea new clause say

C:q(U) s(V;U);a(V)
whichis consisten(it entailsg(1) andq(2), givenT, [ BK)), but whenaddedo therecursve theory it
makesclauseC, inconsisten{C, tcicqrek;) fP(3)9).

Thereare several ways to remove suchinconsisteng by revising the learnedtheory Nienhuys-
ChenganddeWolf [54] describeacompletemethodof specializingalogic theorywith respecto setsof
positive andnegative examples.The methodis baseduponunfolding, clausedeletionandsubsumption.
Theseoperationsarenot appliedto thelastclauseaddedo the theory but mayinvolve ary clauseof the
inconsistentheory As aresult,clausedearnedin the rst inductive stepscould be totally changedor
evenremoved. Thistheoryrevision approachhowever, is notcoherenwith the stepwiseconstructiorof
thetheoryT presentedn Section3, sinceit re-openghewhole questionof thevalidity of clausesadded
in the previous steps.An alternatie approachconsistsof simplesyntacticchangesn thetheory which
eventually createsnew layers in alogical theory just asthe strati cation of a normal programcreates
new strata[2].

Ourrecovery stratgy proposafollowsthelatterapproachsinceit is basednthelayeringtechnique
illustratedin Section 4.1 (seeDe nition 4.9).

Example5.2. In the previous example,it is possibleto de ne only threelayersfor To [ BK (seeFig-
ure4):
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1 7%= BK with (T9)=ff, g, sg,
2 T!=1fCy;Cg with (T1)=fqg, and
3 T2=1Cyg  with (T?)=fpg.
By reformulatingC; andC, asfollows:
CO: gAX)  s(Y:X);f(Y)
C:p(Z)  s(W;Z);q(W)

andby addingthefollowing two clauses:
Caig(A)  dYA)
C:iq(U)  s(V;U);a(V)

thenew theory T will presenthreedifferentlayers:
1. T?=BK with (T®)=ff, g, sg,
2. T®=fcYy with (T%)=f g%, and
3 T®=1fCYCs;Cg with (T®)=fq, pg.
It is easyto seethatthetheoryT2is consistent.

Level 2 [p] [q [p]
Level 1 [q] [ﬁ
Level 0 el [ Is] lgl [ [s]

Figure4. Collapseddependencgraphfor T, andTJ.

Dueto theoryrestructuringthe numberof layersmayincreaseasprovedby thefollowing proposi-
tion.

Proposition5.1. Let T be a consistentheory partitionedinto n layers, T = T° [ o] T o
T" 1 andC beade nite clausewhoseadditionto thetheoryT makesa clausein T' inconsistent.Let

toT.

Proof:

Obviously, if theadditionof C to T makesT' inconsistenthenp is representeih the collapsediepen-
dengy graph”(T). Let| bethelevel(p) in ~(T). Sincep®replaces in T, it hasthe samelevel of p
beforetheoryrestructuringnamelylevel(p® = 1in ~(T9. Moreover, level(p) > level(p9 in ~(T9. If

| equalsthe maximumlevel of anodein ~(T), thenthe new theoryT ®hasa predicateat a greaterevel,
thatis, the numberof layersin T %increasesCorversely thelevel of all predicatesy dependingonp in

T caneitherincreasebecaus®f the breakingof equivalenceclassespr remainstable. t



D. Malerba/ LearningRecusiveTheoriesn theNormalILP Setting 57

f Pre-conditions T is consistentvith respecto E ; C is consistentvith respecto E givenT;
(fCg) fpyp2siii;prgg
procedure verify_global.consistencyg, T, E)
partitionthetheoryT into TO[ :::[ T'[ :::[ TN ¢
partitionE intoE°[ ...[ E'[ ...[ E"™ ! suchthatE' containsinstance®f (T')
foreachi 2 f0;1;:::;n 19
if anegative examplee 2 E' existssuchthatT [ fCgf e then
f theadditionof C to T makesaclausein T' inconsistertg
let p bethe predicatdn head(C)
let p°beanew predicatesymbol
T9%= renamingp with p®in T

endfor each

return T [ fCg
f Post-condition T % verify_globalconsisteng(C, T, E), T is consistentvith respecto E,
LHM(T) LHM(T9g

Figure5. Procedurdor theorylayering. The input are the inducedtheory T, the new inducedclauseC, the
backgroundknowledgeB K andthe whole set of examplesE. The procedurereturnsa new theory which is
consistenandexplainsatleastall examplesexplainedby T.

An exampleshaving anincreasef thenumberof layersandabreakingof equivalenceclassess reported
in [19].

learn,theadditionof aclauseC canmale T' inconsistenbnly if atleastanotherclausefor p2 (f Cg)

hasalreadybeenaddedo T. In otherwords,inconsisteng mayoccurwhenthefollowing two conditions
hold:

a. (T) containsadependencp (

b. thede nition of p needsatleasttwo clausedo explain all positve examplesof p itself.

The procedurefor theory layeringis reportedin Figure 5. Sincethe computationalcompleity
of the rst partitioning stepis linear in the numberof verticesand arcsof the collapseddependenc
graph”(T), the real computationalburden of the procedureverify_global_consistencyis in the test
T[ fCg F e for eachnegative examplee in E. Obviously, supposedhatthe inducedtheoryis
a Datalogprogram the abore logical entailmentcanbe computedby the terminatingsemi-nave proce-
durefor the computatiorof generalizedmplication (seeSection4.1).

Theprocedurgeturnsa new theory whichis consistenandexplainsatleastall examplesexplained
by T, asprovedby thefollowing two propositions.

Proposition5.2. Let T beaconsistentheorypartitionedinto n layers, T = T_O[ [ T g T ?
andC beade nite clausewhichis consistengivenT but makesaclausen T' inconsistentvhenadded
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examplesareinstance®f thepredicate®s; p2;:::;pr. Moreover,H 2 LH M (LH M (T) [ fCg) since
clauseC is consistengiven T, thatis, LH M (LH M (T) [ fCg) doesnhot containneggative examples.
Thecontradictiorfollows. t

Corollary. Let T bea consistentheory partitionedinto n layers, T = TO[ :::[ T'[ @i T 1
and C be a de nite clausewhoseadditionto the theory T makes a clausein T' inconsistent. Let

Proof:
It follows immediatelyfrom proof of Propositions.2,since

Setinclusionis strictif C explainsanexamplenotpreviously explainedby T. u

In short,the new theory T ° obtainedby layeringis consistenivhenC is consistengiven T andit
keepsgheoriginal coverageof T.

It is notawvorthy that,in the proposedapproactto consisteng recovery, new predicatesreinvented,
which aim to accommodat@reviously acquiredknowledge (theory) with the currently generatedy-
pothesigclause).



D. Malerba/ LearningRecusiveTheoriesn theNormalILP Setting 59

6. The ATRE system

ATRE is amultiple-conceptearningsystemwhich solvesthe following problem:
Given

a setof objectsO describedn alanguagd. o,
abackgroundknowledgeBK describedn alanguagd. g ,
alanguagef hypothese4  thatde nesthe spaceof hypothese$y
ausers preferenceriterion PC,

Find
pleteandconsistentvith respecto the setof obserationsandsatis esthe preferenceriterion PC.

Two differenceswith respecto thelearningproblemformulatedin Section 2, are:theintroduction
of theconcepwof the preferenceriterionandthe replacementf the terms“predicates’and“examples”
with the words “concepts”and “objects”, respectiely. The introductionof the preferencecriterion,
which wasnot requiredto describethe logical foundationsof our learningprocedurejs now necessary
to dealwith the problemof selectingthe “best” theory amongthosesatisfyingthe completenesand
consisteng properties. The seconddifferenceis due to ATRE's representatioriormalism, which is
explainedin thefollowing subsection.

6.1. Representationissues

In ATRE the basiccomponenbf therepresentatiolanguaged o, Lgk , Ln is theliteral, which takes
two distinctforms:

wheref andg are function symbolscalled descriptos, t;'s ands;'s aretermsand|a::h is a closed
interval. Descriptorscanbe eithernominalor linear, accordingto the orderingrelationde ned on their
domainvalues. In particular no orderingrelationis de ned on the domainof nominal descriptors,
thusthey canonly appearin simpleliterals. On the contrary a total orderingrelationis de ned for
linear domains,thus linear descriptorscan also appearin setliterals. Someexamplesof literals are:
color(X)=blue distance(X,Y)=463.0%xtensionK 1)2[982.207.. 983.103],andcloseto(X; Y )=true.

The last exampleshaws the lack of predicatesymbolsin the representatiotanguagesdoptedby
ATRE. Thereforethe rst-order literalsp(X; Y) and: p(X;Y) will berepresentedsf ,(X,Y)=trueand
fp(X,Y)=false respectrely, wheref , is the function symbolassociatedo the predicatep. This means
that ATRE candealwith classicalneggation : , but notwith negationbyfailure, not[39]. Henceforthfor
the sale of simplicity, we will adoptthe usualnotationp(X;Y) and: p(X;Y), insteadof f ,(X,Y)=true
andf ,(X,Y)=false respectrely.

EachconcepK; to belearneds representetly asimpleliteral. Conceptsharingthesamedescriptor
(andarity), but having differentvalues de ne amulti-classproblem[65], whichimposeghemembership
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of atrainingexamplein exactly oneclass sothatpositive examplesf oneclassarenegative exampledor
the othermutuallyexclusive classesFor instancewith referenceo the applicationdomainof document
imageunderstandingeportedn the next sectionthe concepts

K 1: logic_type(X)=title
K: logic_type(X)=abstact, and
K3: logic_type(X)=author

de ne athree-clasgproblem. Training examplesof logic_type can be eitherinstancef title, or ab-
stract, or author or ary other logic type, but they cannotbe instancesof two (or more) logic types
simultaneously Training examplesof logic_type(X)=title will be considerednegative for the con-
ceptslogic_type(X)=abstact andlogic_type(X)=author andviceversa.Moreover, training examplesof
logic_type(X)=other which is not a conceptwe areinterestedn learning,areconsideredo be nggative
examplesof title, abstract andauthor.

It is noteworthy that alsoin multi-classproblemsit is possibleto have conceptdependenciesx-
pressedy recursve theories.For instancewith referenceo the samedocumenimageunderstanding
domain,thefollowing clausecanbelearned:

logic_type(X)=author on_top(YX), logic_type(Y)=title
which expresseshe dependencbketweerthe positionof a block title andthe positionof a block author
in apagelayout.

Conceptdo belearnedcanalsohave differentdescriptorsasin thetypicalmultiple predicatdearning
problemconcerninghe ‘family' domain:

K1: mother(X,Y)=true
K,: father(X,Y)=trueand
K3: ancestor(X,Y)=true

This e xibility in the formulationof the learningproblemis a distinguishingcharacteristiof the
system.

ATRE's language of observationd. ¢ is object-centezd in the sensethat obserationsarerepre-
sentedasgroundmultiple-headclaused38], calledobjects which have a conjunctionof simpleliterals
in thehead.Thefollowing is aninstanceof anobjecttakenfrom the blocks-world:

O;: type(blkl) = lintel *ty pe(blk2) = column  pogblkl) = hor; pogblk2) = ver; on_top(blk1; blk2)
Notethatthis multiple-headctlauseis semanticallyequivalentto thede nite program:

ty pe(blk1) = lintel pog(blk1) = hor; pogblk2) = ver; on_top(blk1; blk2)

type(blk2) = column  pogblkl) = hor; pogblk2) = ver; on_top(blk1; blk2)
but is notequialentto thedisjunctiveclause:

type(blk1) = lintel ; type(blk2) = column  pogblkl) = hor; pogblk2) = ver; on_top(blk1; blk2)
whosecommain the headis interpretedasa disjunctionandnot a conjunction.

Thenotionof multiple-headclausesn ATRE adaptshe notion of interpretation which is common
to mary relationaldatamining systemq18]. It presentdwo main advantageswith respecto de nite
clauses:bettercomprehensibilityand ef ciency. The formeris basicallydueto the fact that multiple-
headclausesprovide the systemwith a compactdescriptionof multiple propertiesto be predictedin
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comple objects. The secondadwvantageis the possibility of having a uniquerepresentatiof known

propertiesharedy asubsebdbf obsenations.In fact, ATRE distinguishe®bjectsfrom examples As said
before,objectsaregroundmultiple-headclauseqi.e., interpretationsywhich canbe uniquelyidenti ed

by anobjectidenti er OID. ExamplesaredescribedaspairshL, OIDi, whereL is aliteral in the head
of the objectindicatedby the objectidenti er OID. Examplescanbe consideredpositiveor negative

accordingto the concepto belearned.For instancetype(blkl)=lintel,O1i is a positve exampleof the
conceptype(X)=lintel anegative exampleof theconceptype(X)=columnandit is neithera positive nor
anggative exampleof theconcepistable(X)=true Thebodyof anexamplehL, OIDi, bodyh.,OIDi), is

thebody of the multiple-heacclauseidenti ed by OID.

The objectidenti ers de ne a partitioning of the setof training examples. This makesthe choice
of the seeddn the separate-and-parallel-conqusarchstratgy more ef cient. Indeed,the basicas-
sumptionmadein ATRE is that ead) objectcontainsexamplesexplainedby somebaseclausesof the
underlyingrecussivetheory. Therefore by choosingasseedsall examplesof differentconceptsepre-
sentedn onetrainingobiject,it is possibleto inducesomeof the correctbaseclausesMutually recursve
conceptde nitions will be generateanly aftersomebaseclauseshave beenaddedto thetheory Prob-
lems causedby incompleteobjectdescriptionsviolating the abose assumptiorare not investicatedin
thiswork, sincethey requiretheapplicationof abductve operatorsyhich arenotavailablein thecurrent
versionof thesystem.

The language of hypotheset ( is thatof linked range-restrictedde nite clauseq12] with simple
andsetliterals in the body and one simpleliteral in the head. It is notavorthy that ATRE alsodeals
with numericdescriptorsMore precisely givenann-ary functionsymbol,f (X 1;:::; X ), takingvalues
in a numericaldomain,ATRE can producehypotheseswith setliteralsf (X 1;:::; X)) 2 [a::b], where
[a::h is a numericalinterval computedaccordingto the sameinformation theoreticcriterion usedin
INDUBI/CSL [43]. Much relatedwork can also be found in other contets, suchas qualitatve and
relationalregressionin inductive logic programming,and learningnumericalconstraintsin inductive
constrainiogic programmingAn updatedeview canbefoundin thework by [36].

The badkgroundknowledg de nes the relevant domainknowledge. It is expressedn a language
Lgk with the sameconstraintsasthe languageof hypotheses.The following is an exampleof spatial
backgroundnowledge:

closeto(X,Y) distance(X,Y2 [0::20],
which stateghattwo objectswhosedistancas betweerD and20 arealsoclose.

The representatiotanguagesisedby ATRE do not seemto t very well into the ILP frameawork,
but it is easyto transformATRE's de nite clausesnto Datalogclausesgxtendedwith built-in pred-
icates. The transformationof literals like on_top(X,Y)=trueor on_top(X,Y)=falseis straightforvard?

be transformednto f (t1;:::;tn;Z);Z az b. Therelationaloperators and are built-in
predicates.

Thanksto this transformationit is possibleto applyto ATRE all conceptsandpropertiesdeveloped
in standardrst-order logic languages.In particular a clausecanstill be considereda setof literals,
andthe de nitions of resolutionand -subsumptiorfor clauseswith simpleliterals remainunchanged.
The only extensionis dueto the presencef setliterals, whosetransformatiorintroducesthe built-in

®Negation canberemoved by replacingthe classicahegation of eachpredicatep with anew predicatep  [25].
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predicates and . In this caseaclauseC canbe partitionedinto two subsetsf literals, thosewith
ordinarypredicatesC,, andthosewith built-in predicatesCyp. A clauseC -subsumes clauseD if a
substitution exists,suchthatCg, D, andthesetof solutionsof the constraint<C,, is anon-empty
setincludingthe setof solutionsof the constraintd ,. For instancethefollowing clause

C:p(X)=a q(X)2][0:5:15] Co=fp(X;a);q(X;Y)g Cp=fY 05Y 15g
-subsumeshefollowing clauseD for =fX Z;Y Wg,

D:p(Zz)=a qZ)2][07:1:2] Do=fp(Z;a);q9(Z;W)g Dp=fw 07;W 129
aswell asthegroundclauseD °for = fX  xg,

D% p(x)=a q(x)=09 DJ:fp(x;a);q(x;0:9)g D= ;
butit doesnot -subsumeheclause:
D% px)=a qx)= 19 D% fp(x; a);q(x; 1:9)g D= ;

sincethesetof C, solutionsis empty

Finally, we obsenre that the resolutionof two de nite clausesC andD expressedn ATRE's hy-
pothesidanguagéd. 4 , correspondso the classicalresolutionprinciple, sincethe headsof C andD are
always simpleliterals. Consequentlythe generalizedmplication de nition givenin Section4 canbe
easilyappliedto ATRE.

6.2. Algorithmic issues

The main procedureof ATRE is shavn in Figure6. The systeminputis a setof objects,a background
knowledge,a setof conceptdo be learned,anda preferenceriterionthatguidethe heuristicsearchin
the spaceof possiblehypotheses.

To illustratethealgorithm,let usconsidertheinput datain Tablel.

The rst steptowardsthe generationof inductive hypothesess the saturation of all objectswith
respectto the given BK [61], so that information that was implicit in the example, given the back-
groundknowledge, is madeexplicit (proceduresaturate objecty. In the abore example, the satura-
tion of O; involvesthe addition of the nine literals logically entailedby BK , thatis, closeto(zone,
zong), closeto(zong, zoneg), closeto(zong, zong), closeto(zone, zong), closeto(zong, zone),
closeto(zone, zong), closeto(zoneg, zong), closeto(zong, zong) andcloseto(zong, zong).

Initially, all positive and negative examples(pairshL ,OIDi) aregeneratedor every conceptto be
learned the learnedtheoryis emptyandthe setof conceptgo belearnedcontainsall K ;. With refer
enceto theabove input data,the systemgenerateswo positive examplesfor K 1 (downtown(zong and
downtown(zong), two positive examplesfor K » (residentia{zone) andresidentiaizong)) andeight
negative examplesequally distributed betweenK ; and K, (: downtown(zong, : downtown(zong,
: downtown(zong, : downtown(zong, : residential(zong), : residentia{zone), : residentia{zong),
. residential(zong).

Theconquerstageperformsa general-to-speci deamsearcho generate setof consistentlinked
andrange-restrictedlausedor theconceptdo belearned A seeds associateavith eachspecialization
hierarcly. Seedsarechosenaccordingto the textual orderin which objectsaregivento the system.If
Oy isthe rst objectwith anexamplestill uncoreredof concepK ;, thenOy is takento generateseeds
for K. In particulay all examplesof K in O still uncoreredwill beselectecasseedssoit is possible
to have severalspecializatiorhierarchiegor eachconcept.

Groundliterals in the body of seedobjectsare generalized.In particular the generalizatiorof a
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Satuated O := saturate objects(OBK)
O := SatuatedO

E := geneate positiveneggative exampleqO, fKy;:::;Knh0)
T:=;

LearnedK := fKz;::;; Kng

repeat

Consistentclauses= parallel_conquerby beamseach(LearnedK, E, PC)
C := nd _bestclause(ConsistentlausesPC)
ConsistentT := verify_global_consistence(CT, E, O)
T := ConsistenfT [ fCg
O := saturate_.objects(Satuated O, T)
E := updateexamples(TE)
foreadhK; 2 LearnedK do
if posexample(K)=; thenLearnedK := LearnedK nfK;g endif
endforeath
until LearnedK = ;
return T

Figure6. ATRE 2.0: Main procedure.

Tablel. An exampleof inputdatato themainprocedure

Objects O; | downtown(zong”: residential(zong” residentiajzone)”

. downtown(zong ~: downtown(zong ” residentiajzong) *

. downtown(zong *: downtown(zong ~: residentia{zong) *

: residentiafzong) * downtown(zong »: residential(zong
onthesea(zong, high_businessactivity(zone), closeto(zoneg,zone ),
low_businessactivity(zone), closeto(zone,zong),
adjacent(zongzong), onthesea(zong,
low_businessactivity(zong), low_businessactivity(zone),
closeto(zong,zong), high_businessactivity(zoneg),
adjacent(zongzong), low_businessactivity(zoneg),
closeto(zong,zong), low_businessactivity(zong),
closeto(zong,zone), onthesea(zong, high-businessactivity(zone)

BK closeto(X,Y) adjacent(X,Y)

closeto(X,Y) closeto(Y,X)

Concepts| K1 | downtown()=true

K. | residentialzone()=true

PC Minimize/maximize the number of negative/positve examples ex-

plained.

63
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andreplacingall occurrence®f a constantt; with the samevariable X; (simpleinverse substitution
[61]). Clausespecializationis performedeitherby addinga nev generalizedseedlteral thatpreseres
the propertyof linkednesf the clauseor by restrictingtheintenal of a setliteral alreadyin the body.
Whena consistentrange-restrictedlauseis foundit is put aside: The searchstopswhenat leastM
consistentrange-restrictedlauseave beendetermined.

In the abore example seedsare generatedirom the unigue object O;. The procedureparal-
lel_conquerby_beamsearch generates setof consistentlauseswhoseminimum numberis de ned
by the user By requiring the generationof at leastone consistentclausewith respectto the abore
examplesthis proceduraeturnsthefollowing setof clauses:

downtown(X)  ontheseaX);high_business_activity (X):

downtown(X) ontheseaX);ad acent(X;Y):

downtown(X) ad acent(X;Y);ontheseaY):

In fact, the hypothesisspaceof the conceptresidentialhasbeensimultaneoushexplored,but when
only the threeconsistentlausedor the conceptdowntownhave beenfound, no consistentlausefor
residentialhasyet beendiscorered. Thus, the parallel-conqueprocedurestops,sincethe numberof
consistentlausess greatetthanone.

At this point, the best one is selectedaccordingto the users preferencecriterion (procedure
nd _bestclausg. The default criterion is the maximizationof the numberof positive examplescov-
eredandthe minimizationof the compleity of the clause(hererepresentetty the numberof literalsin
thebody). In theabore example the rst of thethreeclausess selected.

Sincethe addition of a consistentclausemay lead to an augmentedjnconsistenttheory ATRE
appliesthe layering techniqueexplained in Section5 to recover the consisteng (procedurever
ify_global.consistence Theonly differencebetweertheproceduregeportedn Figure5 andthatinvoked
in ATRE's main procedures thatalsothe setof objectsO hasto be passedn orderto reconstructhe
bodyof theexamplesn E. Theselectedlauses usedto re-saturateéheobject,sothatrecursve clauses
couldbe generatedn the next call of the procedureparallel_conquerby_beamsearch. Continuingthe
previous example,the two literals addedto O1 are downtown(zone;) anddowntown(zoney). This
operationenablesATRE to alsogenerateéhede nition of the conceptresidential which depend®n the
concepidowntown

Finally, the proceduraipdateexamplegagspositive examplesexplainedby the currentlearnedhe-
ory, sothatthey will nolongerbe consideredor the generatiorof new clauses.The loop terminates
whenall positive examplesaretaggedwhich meanghatthe learnedtheoryis completeandconsistent.
In theabove example hdowntown(zone;); O;i andhdowntown(zoney); O;i aretaggedthatis, acom-
pletede nition of downtown(_) = tr ue hasbeenlearned.Sincenot all positive examplesaretagged,
the procedureparallel_conquerby_beamseach is re-invoked andreturnsthe clause:

residential (X) closeto(X;Y);downtown(Y);low_business.activity (X):

By re-saturatinghe objectwith both learnedclausesjt becomegossibleto generatea recursve
clauseatthethird iteration,namely:

residential (X) closeto(X;Y);residential (Y); low_business.activity (X):

Thereforethefollowing setsof clausess learned:

downtown(X)  ontheseaX);high_business_activity (X)

residential (X) closeto(X;Y);downtown(Y);low_business activity (X)

residential (X) closeto(X;Y);residential (Y);low_business. activity (X)
whichis asimplerecursve theory
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6.3. Computational complexity

The generatiorof consistentlausegequiresthe explorationof a searchspacewhosesizeis nite but
increasegxponentiallywith thenumberof literalsin thebodiesof theselectedseedsindeed all clauses
in the specializatiorhierarcly of a seedexamplee* = h_; Ol Di will be obtainedby addinga setof
literalsto thefollowing clause:

obtainedoy turningall constantsn L into variables . Sinceliteralsusedin thespecializatiorprocessnust
begeneralizationsf literalsin thebodyof " obtainedy turningconstantso variablesandpossiblyby
determininganintenal (in the caseof lineardescriptors)the numberof clausegs 2/Pd¥(€" )i
NeverthelessATRE exploresonly a polynomially boundedportion of this space.More precisely
atthe rst stepat mostjbody(e™ )j clauseswill be consideredSoonafterwards,P of themareselected
for the next specializationstep (P is the beamof the search). During the secondstepeachselected
hypothesiscanbe specializedn atmostjbody(e™ )j 1 differentways.In generalatthei-th step,each

selectechypothesiscanbe specializedn at mostjbodye*)j i 1 differentways. To sumup, the
numberof generatealausess:
jbodys™)j 1
jbody(e")j + P i = jbodye")j+ %jbod)(e+ )j (jbodye®)j 1)

i=1

This analysiscon rms the ef ciency of the systemwhile searchingor a consistentlause sincethe
numberof testednypothesess linearin the beamof the searchandquadraticn the maximumnumber
of literals of a training object. Neitherthe arity of the function symbolsnor the numberof variablesin
ary learnedclauseaffect the costof the searchasit happensn othersystemg57]. Sincethe number
of specializationhierarchiesequalsthe numberof training examplesat worst, we can concludethat
the computationacompleity of the procedureparallel_conquerby_beamseach is polynomialin the
numberof training examples,in the beamof the search,andin the maximumnumberof literals of a
trainingobject.

Unfortunately this analysisdoesnot take into accountthe fact that the saturationof objectsmay
increasehenumberof literalsof atrainingobject.In theworstcase suchanumbemightbeexponential
in the numberof constantsn the body of objects,thus makingthe upperboundof the computational
complity of the searchexponential.

7. Experimental results

ATRE hasbeenimplementedn PrologandC++. In this sectionwe shaw the resultsfor somemultiple
conceptlearningproblems. The rst experimentsrefer to the domainof family relationsusedto test
MPL [15]. Thenwe presenta real world application,namely documentimageunderstandingwhere
interrelatedde nitions of logic componentsare possible. Otherresultsconcerningthe inductionof a
mutualrecursve theoryfor oddandevennumbersandanapplicationto cognitive modelingarereported
in [42] andare availablein the web site of the system. Finally, ATRE hasbeenappliedto geographi-
cal knowledgediscorery [41], althoughthe main featureof the systemtestedin thatapplicationis the
handlingof numericalattributesandrelationsin a rst-order context.
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7.1. The domain of family relations

De RaedtandLavrac [15] de ned a classof experimentson the domainof family relations. The rst
experimentaimsatlearningthede nitions of ancestqgrfatherandmotherfrom a completesetof positive
andnegative examples.In MPL thenegative examplesveregeneratedindercloseworld assumptionand
the knowledgebasecontainedsomegroundatomsconcerningthe predicatesnale femaleand parent
A corvenientrepresentatiofor ATRE is a singleobjectin which all positve andnegative examplesof
ancestarfatherandmotherareexplicitly reportedin the head,while all instanceof male,femaleand
parentarereportedn thebody

Thesimplerecursve theorylearnedby MPL is the very elegant:

ancestor(X;Y) parent(X;Y)

father(X;Y) parent(X;Y);male(X)

mother(X;Y) parent(X;Y);f emale(X)

ancestor(X;Y) parent(X;Z);ancestor(Z;Y):

Clausesarereportedn the orderin which they arelearned.For this problemATRE learnsa correct
theoryin 68son a PentiumlllPC— 1GHz,thoughdifferentandlessintuitive, namely:

ancestorl(X 1;X2) parent(X1;X2)

father(X1;X2) ancestorl(X 1;X 2); male(X 1)

mother (X 1; X 2) ancestorl(X 1; X 2);f emale(X 1)

ancestor(X 1;X2) ancestorl(X 1; X 2)

ancestor(X 1;X2)  father(X 1; X 3); ancestor(X 3; X 2)

ancestor(X 1; X 2)  mother (X 1; X 3); ancestor(X 3; X 2):

In the abore theory a new predicateancestorlhasbeen’invented' due to consisteng recovery.
Takinginto accounthatancestorlandparentaresemanticallyequivalent theinterpretatiorof theabove
theoryis clearer The explanationof this resultis straightforvard. The rst threeclausegjeneratedy
ATRE are:

Cyi:ancestor(X 1;X2) parent(X 1, X 2)

Co: father(X 1;X2) ancestor(X 1; X 2); male(X 1)

Cs: mother(X 1;X2) ancestor(X 1; X 2);f emale(X 1):

In fact, ATRE overgeneralizeshe de nitions of father andmother but at this point of the learning
processhe systemdoesnot know the completede nition of ancestorandconsiderghe clauses

father(X1;,X2) parent(X1;X2);male(X 1)

mother(X 1;X2) parent(X 1; X 2); f emale(X 1)
equialentto C, andC3 respectiely. ATRE discoversits overgeneralizatiorerrorwhenthe new clause

C4:ancestor(X 1;X2) father(X 1; X 3); ancestor(X 3; X 2)
is addedto thetheory At this point, the systemappliesthe consisteng recovering stratgy andinvents
thenew predicateancestorl

It is noteworthy thattheseresultsareobtainedby usingabeamequalto 5. By enlaging the beamto
15, ATRE takes180sto learnatheoryanalogouso thatinducedby MPL, namely:

ancestor(X;Y) parent(X;Y)

ancestor(X;Y) parent(X;Z);ancestor(Z;Y)

father(X;Y) parent(X;Y);male(X)

mother (X;Y) parent(X;Y);f emale(X):
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This example also suggestssome improvement of the system. Currently ATRE checksthat
C2 fcigk; e foreachexamplee of the conceptfather. The only examplesof ancestotthatare
consideredn this test are thoseinferred by the partial de nition C;. By augmentingthe BK with
thesetOH of all positve examplesof ancestoravailablein the headof the object, thatis, by testing
C2 tcigiBk[oH) € ATRE would not overgeneralizeat leastnot in this experiment,in which all
positive andnegative examplesof ancestoareinput to the system.Thereasorfor this modi ed testis
that,soonetror later, ATRE will generatelausedo coverall examplesn OH . Sowe cananticipatesome
of theconclusiondo bedrawn from prospectiely generatedlausesThistrick hasalsobeenadoptedn
thework by Lammaetal. [33]. However, it doesnot work whena setof positve andnegative examples
is incomplete,which explainswhy the consisteng recovery strat@y basedon theorylayeringis still
necessary

The secondexperimentof the family domainaimsat learningmale ancestorand femaleancestor
from fatherandmother Onceagain, thetraining setis complete MPL learnedthefollowing theory:

f emale_ancestor(X;Y) mother(X;Y)

male_ancestor(X;Y) father(X;Y)

f emale_ancestor(X;Y) mother(X;Z);f emale_ancestor(Z;Y)

male_ancestor(X;Y) father(X;Z);f emale.ancestor(Z;Y)

male_ancestor(X;Y) father(X;Z); male_ancestor(Z;Y)

f emale_ancestor(X;Y) female_ancestor(X;Z); male_.ancestor(Z;Y):

ATRE learneda slightly differentbut equallycorrectreformulationof the MPL's theory thatis:

male_ancestor(X 1; X 2) father(X1;,X2)

f emale_ancestor(X 1;X2) mother(X 1; X 2)

male_ancestor(X 1, X2) male_ancestor(X 1; X 3); f emale_ancestor(X 3; X 2)

male_ancestor(X 1;X2) male_ancestor(X 1; X 3); male_ancestor(X 3; X 2)

f emale_ancestor(X 1; X 2)  f emale_ancestor(X 1; X 3); f emale_ancestor(X 3; X 2)

f emale_ancestor(X 1;X2) male_ancestor(X 3; X 2); f emale_ancestor(X 1; X 3):
Thebeamusedin this experimentis 5 andthelearningtime is 660s.

Finally, the third experimenton the family domainaimsat learningfather andgrandfatherfrom an
incompleteexampleset. The examplesetcontainsall positive examplesof fatherandgrandfather The
negative examplesare completefor grandatherandincompletefor father sincethey aregeneratedy
meanf therule:

father(X;Y) = false parent(X;Y) = false:

Resultsreportedfor MPL are:

Cs: father(X;Y) parent(X;Y)

Cs: grand ather(X;Y) male(X);parent(X;Z); parent(Z;Y)
while thetheorylearnedby ATRE in 530sis:

C;:father(X1,X2) parent(X1;X2)

Cg: grand ather(X 1;X2) male(X 1);f ather(X 1; X 3);f ather(X 3; X 2):

It is noteworthy thatCg ¢c7g) Cs, thatis ATRE generatea moregenerakheory This meangshat
ATRE is moreproneto make anerrorassoonasamotheris seensincethede nition of fatheris wrong.
However, ATRE alsogeneratedCs andconsideredt indistinguishabldrom Cg, with respecto covered
examples.Thereforetheresultis simply in uenced by the orderin which theseequivalentclauseshave
beenaddedo the setof solutions.
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7.2. Application to the documentimageunderstanding problem

ATRE hasalsobeenalsoappliedto the problemof processingrinteddocumenta&ndits inducedogical
theoriesare usedby anintelligentdocumeniprocessingystemnamedWISDOM++ (seethe web site
http://www.di.uniba.it/ malerba/wisdom++/)20]. Henceforth,only the speci ¢ problemof learning
rulesfor documenimageunderstandingvill bedealtwith. Themaininnovationwith respecto previous
work is theautomatedliscovery of possibleconceptdependenciesiswell asthe consideratiorof multi-
pagedocuments.

A documentis characterizedby two differentstructuresepresentindoth its internal organization
andits content: the layout (or geometrica) structureandthe logical structure. The former associates
the contentof adocumentwvith ahierarcly of layoutobjects,suchastext lines, vertical/horizontalines,
graphic/photographielementspagesandsoon. Thelatterassociatethe contentof adocumenwith a
hierarcly of logical objects,suchassender/recger of abusinesdetter, title/authorsof anarticle,andso
on. Here,theterm documenimage undesstandingdenoteghe procesof mappingthe layout structure
of a documentinto the correspondingogical structure. The documentimageunderstandingrocesss
basedn theassumptiorthatdocumenimagescanbe understoodn the basisof their layoutstructures
alone.

The mappingof the layout structureinto the logical structurecanbe representeésa setof rules.
Traditionally, suchruleswerehand-codedor particularkinds of documen{53], requiringmuchhuman
tuning and effort. We proposethe applicationof inductive learningtechniquedo generatethe rules
automaticallyfrom a setof trainingexamples.Theusertraineris askedto labelsomelayoutcomponents
of a setof training documentsaccordingto their logical meaning. Thoselayout componentsvith no
clearlogical meaningarenotlabeled.Therefore pachdocumengenerateasmary trainingexamplesas
the numberof layoutcomponents.

In this application,we have a multi-classlearningproblem. Conceptscorrespondo the distinct
logical componentso berecognizedn a document.They arede ned by differentvaluestaken by the
descriptorlogic_type The unlabelledlayout objectsact as counter@amplesfor all the conceptgo be
learnedsincethey areinstance®f theconceptogic type(X) = undef ined.

Eachtraining documentis representeds an objectin ATRE, wheredifferentconstantsepresent
distinctlayoutcomponent®f a page.The descriptionof adocumenpageis reportedn Figure7, while
Table2 lists all thedescriptorsusedto represena pagelayoutof a multi-pagedocument.

The following four rules are usedas backgroundknowledge, in orderto automaticallyassociate
informationon pageorderto layoutblocks.

at_page(X) = first part_of (Y; X);page(Y) = first

at_page(X) = inter mediate  part_of (Y; X); page(Y) = inter mediate

at_page(X) = last_but.one part_of (Y; X); page(Y) = last_but_one

at_page(X) = last  part_of (Y; X);page(Y) = last

Threelong paperswhich appearedn the Januaryl996issueof the IEEE Transaction®n Pattern
AnalysisandMachinelntelligence(PAMI), have beenconsideredThepapersontainthirty-sevenpages,
eachof which hasa variablenumberof layoutcomponentgaboutten on average).Thetotal numberof
layoutcomponentss 380but only 1700f themcanbeassociateavith oneof thefollowing elevenlogical
labels: abstiact, af liation , author, biography, caption gure, index_term page_.number refeiences
running.head title. Remainingolocksareconsiderednstance®f thelogical componenbody;, for which
we arenotinterestedn learningrecognitionrules.
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Table2. Descriptorausedby WISDOM++ to representhe pagelayoutof a multi-pagedocument

Descriptor Domain

page(page) Nominaldomain: rst, intermediatelastbut_one,last
width(block) Integer domain: (1..640)

height(block) Integer domain: (1..875)

x_poscentre(block)
y_pos centre(block)
type_of(block)

partof(page,block)
on_top(blockl,block?2)
to_right(block1,block?2)

alignment(blockl,block?2)

Integer domain: (1..640)

Integer domain: (1..875)

Nominal domain: text, horline, image, ver.line,
graphic,mixed

Booleandomain:trueif pagecontainsblock
Booleandomain:trueif blocklis above block2

Booleandomain: true if block2 is to the right of
blockl

Nominal domain: only left_col, only_right_col,
only_middle.col, bothcolumns, only_upperrow,
only_lower_row, only_middle_row, both.rows
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Learningrulesfor the recognitionof semanticallyrelevantlayoutcomponentsn a documentaises
issuexoncerningheinductionof recursve theories. Simpleandmutualconceptdependencieareto be
handledsincethelogical componentseferto a partof thedocumentatherthanto thewholedocument
andthey may be relatedto eachother For instance,in the caseof paperspublishedin journals,the
following dependentlauses:

running _head(X) topleft(X);text(X);even_page_number(X)

running _head(X) top_right(X);text(X);odd page_.number(X)

paragraph(Y) ontop(X;Y);running head(X);text(Y)
expresgthefactthatatextual layoutcomponenatthetop left (right) handcornerof anodd (even) page
is arunninghead,while a textual layout componenbelow a running-heads a paragraptof the paper
Moreover, therecursve clause

paragraph(Y) ontop(X;Y);paragraph(X);text(Y)
is usefulto classifyall textual layoutcomponentdelow the uppermostparagraphThereforedocument
understandingeemsgo bethekind of applicationthatmaybene t from learningstratgiesfor multiple
predicatdearning.

By running ATRE on thetraining setdescribedabove, the theoryin Table3 is returned.The beam
usedin this experimentis 15 andthe learningtime is about1,086s. Clausesare reportedin the order
in which they arelearned. They have been Itered out from candidateclausesduring the evaluation
step, performedaccordingto a compositepreferencecriterion that minimizesthe numberof negative
examplescaovered,maximizesthe numberof positive examplescovered,and minimizesthe costof the
clause.Thetheorycontainssomeconceptdependenciegeeclausesl1 and15, 17, 19 and 20), which
areall plausible.The signi cance of theseclauseds moreevidentby looking at the numberof positive
examplescoveredby eachof them(seethe fourth column). In particularATRE discoversthe following
conceptdependenciespage_.number  runningheadand gure  caption Therefore,the learned
theoryhastwo distinctlayers: abstiact, af liation, author biography gur e, index_term, page_ numbey
refelencesandtitle arein onelayer, while running headandcaptionarein the other

In orderto testthe predictive accurag of the learnedtheory we consideredhe fourth long article
publishedin the sameissueof the transactionsisedfor training. WISDOM++ segmentecthe fourteen
pagesof the article into 169 layout componentssixty of which wereinstanceof one of the concepts
usedin thetrainingset,while theremainingl09areinstance®f theconceptbodyfor whichnorule was
generatedThelearnedtheorymay commitboth omissionandcommissiorerrors. In particular it per
formedsixteenomissionerrors,thatis about26% (16/60)of the blocksto belabeledwerenot correctly
recognizedy thetheory andfourteencommissiorerrors,thatis about1.1%(14/(109 11+60 10)) of
possiblecommissiorerrors(the worstcasebeingthe associatiorof eachblock with all conceptsexcept
for the correctone). Many of the omissionerrorsaredueto nearmisses.For instancethe title of the

rst pageis not recognizedsimply becausets heightis 54, while the rangeof width valuesdetermined
by ATRE in thetrainingphases [18..53](seeclausel3). Signi cant recovery of omissionerrorscanbe
obtainedby relaxingthede nition of subsumptiorbetweerde nite clauseg21].

8. Discussion

In this paperwe have discusse@ndproposedtomputationabkolutionsto somerelevantissuegaisedby
the induction of recursve theoriesin the normalILP setting. A separate-and-parallel-conqusgarch
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1 logic_type(X)=runninghead height(X)2 [6..9], 36 36
y_poscentre(X)2 [18..35],width(X) 2 [77..544]

2 logic_type(X)= gure height(X)2 [90..313], 20 20
width(X) 2 [9..255],at page(X)=intermediate

3 logic_type(X)=pagenumber y_poscentre(X)2 [19..29], 14 14
width(X) 2 [2..8]

4  logic_type(X)=pagenumber width(X)2[4 .. 8], 10 20

y_poscentre(X2[22..40]

5 logic_type(X)=gure typeof(X)=image,atpage(X)=intermediate 7 17

6 logic_type(X)=gure typeof(X)=graphic 25 35

7 logic_type(X)=abstract atpage(X)=rst,width(X)2[487..488] 3 3

8 logic_type(X)=afliation  atpage(X)=rst, 3 3
y_poscentre(XR[720..745]

9 logic_type(X)=author atpage(X)=rst, 3 3
y_poscentre(X2[128..158]

10 logic_type(X)=biograply  atpage(X)=lastheight(XR2[65..234] 3 3

11 logic_type(X)=caption alignment(YX)=only_middle_col, 13 13
logic_type(Y)= gure, type of(X)=text, height(X2[18 .. 75]

12 logic_type(X)=index_.term height(X2][8 .. 8], 3 3
y_poscentre(Xp[263..295]

13 logic_type(X)=title  atpage(X)= rst, height(X2[18 .. 53] 5 5

14  logic_type(X)=references width(X)2[268..268], 2 2
height(X)2[332..355]

15 logic_type(X)=runninghead alignment(YX)=only_upperrow, 2 14
logic_type(Y)=pagenumber

16 logic_type(X)=references height(X2[339..355] 2 3

17 logic_type(X)=caption height(X2][9..40], 11 22
on_top(Y,X), logic_type(Y)= gure, width(Y)2[5..364]

18 logic_type(X)=caption height(X2[9..9], 2 4
y_poscentre(X2[417..605]

19 logic_type(X)=caption on_top(Y,X), 1 2
alignment(YZ)=only_lower_row, logic_type(Y)= gure

20 logic_type(X)=caption width(X)2[419..546],0n_top(X,Y), 5 9
logic_type(Y)= gure

Total 170

Table3. Theorylearnedfor the documenimageunderstandingroblem. Thethird columnreportsthe number
of additionaltrainingexamplesexplainedby eachclausewhenaddedo thetheory Thefourth columnreportsthe
numberof trainingexamplesactuallyexplainedby eachclause.
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stratgy hasbeenadoptedo synchronizeandinterleare the learningof clausesy supplyingpredicates
with mutually recursie de nitions. A novel generalityorder calledgeneralizedmplication, hasbeen
imposednthesearctspaceof clausesin orderto copewith recursionn amoresuitableway. A layering
techniquebasedon the collapseddependeng graphhasbeeninvestigatedto recover the consisteng of
a partially learnedtheory Theseideashave beenimplementedn the ILP systemATRE, which is also
characterizedby the object-centeredepresentationf trainingexamples.Someexperimentakesultsare
reportedfor somelaboratory-sizediataaswell asfor dataobtainedoy processingnulti-pagedocument
images.
We continuethis work by discussingyothrelatedresearcheandideasfor future developments.

8.1. Relatedwork

ATRE presentseveralinnovationswith respecto previousworkson multiple predicatdearning,namely
MPL [16, 15] andits extensionto normallogic programa\NMPL [24], MULT_ICN [45], andRTL [26].

First, the sepaate-and-paallel-conquersearchstratgyy providesATRE with a solutionto the prob-
lem of interlearing theinductionprocesgor distinctpredicatede nitions. Accordingto this strateyy, the
generatiorof clauseghatintroducea (mutual)dependencef a predicatep on a predicateq (or p itself)
is possibleonly after at leastonerecursionbaseclausefor q (p) hasbeenfound. Moreover, ATRE op-
eratedn a one-shotvay, thatis, with no additionalsynthesisstep,asin RTL, andtheiterative bootstrap
inductionmethodby JogeandBrazdil [30].

MPL solvestheinterlearing problemby performinga greedyhill-climbing searchfor theoriesand
a beamsearchfor eachsingle clause. Clausescanbe generatedy meansof two typesof re nement
operatorspnefor the body andonefor the head. In particular it is possibleto generatehe body of a
clausewithout specifyingits head.The subsequent nementof the headsntroducegossiblydifferent
predicatesandthe systemchooseghe most promisingclauseaccordingto an interestingnessneasure
[16]. Thegeneratiorof clausedike p p is not forbidden,andit is possibleto generatea recursve
clausefor apredicatep, beforea baseclausefor p hasbeenfound.

The strateggy adoptedin NMPL is slightly differentfrom that of MPL. At the high level NMPL
follows the classicalseparate-and-conqueearchstratgly. The innovation is in the conquerstratey,
wherethe samere nement(literal addition)is appliedto clauseswith differentheads.The heuristicsfor
evaluatingthe bestre nementin this greedyconquerstratgy is basecn the Laplaceestimatg17]. Un-
fortunately two aspect@areunclear First, how to specializewith the samditeral, sayless_than (A; B),
two clausesvhoseheadshave differentarity, suchas,ordered(L) andbetween(X;Y;Z). Secondhow
thegeneratiorof in nite recursve de nitions (e.g.,p  p) is preventedor dealtwith.

A completelydifferentapproachs adoptedin MULT_ICN. Again, at the high level, the separate-
and-conquesearchstratgy is used. During the conquerstage,the systemchooseghe predicateto
belearned.Preferencés givento thosetarget predicatesvhosede nition is incomplete(thatis, not all
positive exampleshave beencovered)andappeain thebodyof previouslylearnedclausesFor instance,
if the rst generatedlauses thefollowing:

odd(X) sucdY;X);even(Y)
atthe secondstepthe systentriesto learnthede nition of even(Y) In otherwords,baseclausesarethe
lastto belearned.

ThegeneralizatioomodelrepresentanothedifferencebetweemATRE andthe othermultiple predi-
catelearningsystemsMPL adoptgwo differentgeneralizatiomodelsduringits search: -subsumption,
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while learninga singleclause,andlogical entailmentwhile learningthe whole theory Therefore two
distinct checksare performedby the systemfor eachlearnedclause:a local consisteng/completeness
checkbasedon -subsumptionextensionalcoverage)anda global checkbasedon logical entailment
(intensionalcoverage).A similar approachs alsoadoptedoy MULT _ICN. However, aspointedout by
Martin andVrain [45], the extensionalcoveragetestcanleadto the generatiorof non-terminatingput
extensionallyvalid, theories suchasthefollowing:

even(A)  zero(A)

odd(A) sucdA; B);even(B)

even(A) sucqB;A);oddB)
whichde nesoddandevennumbersonthebasisof theirsuccessor&@ndnot predecessors).o avoid this
problem,MULT_ICN introducesanacceptabilitycriterionfor a clauseandletsthe userchoosethe right
rate of acceptability MPL solvesthe problemdifferently by deletingglobally incorrectandirrelevant
clausesaddedo thetheory Thereforewhentheclause

odd(A) sucdA;B);even(B)
is generatedsthebestclauseijt is rst addedo thetheoryandsoonafterremoved,becausd is globally
irrelevant (no positive examplesof odd numbersarecovered). However, in this approactit is not clear
how to selectthe clauseto remove, whenmorethanoneis globally irrelevantor inconsistentMoreover,
careshouldbetakennotto getinto in nite loopsby rst deletingclausesandthenaddingthemagain.

Similarly to Progol, MPL usesa depth-boundednterpreterto checkwhetheran inducedtheory
logically entailsan example. This depth-boundallows the systemto checkboth consisteng andcom-
pletenesgpropertiesn the caseof in nite recursve de nitions (e.g.,p  p). Although not explicitly
stated a similar depth-boundedpproactshouldbe adoptedn NMPL, wherelogical entailmentis used
to checkthe propertiesof completenesandconsisteng of a clause.

Systemghatadopttheextensionalor -subsumptiorbasedoveragetestshave anadditionalprob-
lemin learningrecursve clausesvhenexamplesaresparseThis problemis lessevidentin ATRE, which
canlearnthecorrectde nition of oddandevennumbersalsowhenthe examplesetis incompletg42].

Finally, problemscausedyy the non-monotonicitypropertyof the normallLP settinghave notbeen
consideredn somemultiple predicatdearningsystemssuchasMULT _ICN andNMPL. As explained
in Section®, this is a crucial aspectof the multiple predicatelearningproblem. Progol, for instance,
cannotbe properly considereda multiple predicatelearningsystemsinceit caninducetheoriesthat
areglobally inconsistent MPL solvesthe problemby meansof the clausedeletiontechniquealthough
undoingpreviouswork mayconsiderablyncreasehelearningtime. ATRE adoptghelayeringtechnique
andinventsa new predicate whenthe additionof a clauseto the theoryinterfereswith anotherclause
alreadyaddedo thetheory As shavn in Section 7.1,theapplicationof thelayeringtechniquedoesnot
preventATRE from discoveringequallycorrecttheorieswhich could be later simpli ed by keepingthe
minimum Herbrandmodel(theoryrestructuring [62, 63].

8.2. Further work

The currentimplementatiorof ATRE is not optimal. Oneof the reasonss that every time a clauseis
addedto the theory the specializatiorhierarchiesarereconstructedor a new setof seedswhich may
intersectthe setof seedsexploredin the previous step. In otherwords, it is possiblethat the system
exploresthe samespecializatiorhierarchiesseveraltimes, sinceit hasno memoryof the work donein
previous steps.Currently we areoptimizingthe separate-and-parallel-conqueerarchstratey to stopit
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exploringthespecializatiorhierarchiesepeatedlyluringthelearningprocessThisapproachs basedn
comple cachingtechniqueswhoseeffectivenesss clearwhenconceptdo learnareneitherrecursvely
de nable nor mutuallydependent.

Anotherimportantaspectis the alundanceof candidateconsistentlauseshatthe ATRE's paral-
lel_conquerby_beamsearch procedurecangenerate Currently only the bestclausewith respecto the
users preferencecriterionis selectedbut, evenin this case we obsenred that often mary “equvalent’
clausesxist, given a preferencecriterion. This meansthat ATRE makesa blind choiceamongmary
equallygoodclausesWhetherbetterselectionstratgiesexist andhow setsof equivalentclausesanbe
usedin recursve theorylearningis still anopenqguestion.

Finally, the well-known issuesof sparseand noisy training setsmale the problemof learningre-
cursive theorieseven harder The integrationof abductve mechanismén inductive learningalgorithms
canbea solutionto the problemsof datasparsenesandclassnoise[22], while the presencef noisein
thebackgroundknowledgerequiresprobabilistictests similar to the extensionof the -subsumptioriest
proposedy [21].

9. Website

A stand-aloneeleasef the ATRE 2.0 systemtogethemwith the datasetsusedin the experimentsanbe
downloadedirom http://mwwwdi.uniba.it/ malerba/softwre/atre/.
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