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Abstract The characterization of FP by Bellantoni and Cook is refined and extended to define
an w2-type hierarchy 7, whose finite elements 7. characterize the complexity classes DTIMEF (n¢),
while those of the form 7 x4, are equivalent to DTIMEF(ng(n°)) (k-superexponential). The re-
finement allowing to capture the former classes is obtained by restricting substitution and by
strengthening meanwhile the safe predicative recursion scheme. FExtension to the latter is by a
diagonalization scheme.

1 Introduction

We define an w?-type hierarchy 7, whose elements 7. characterize the complexity classes
DTIMEF (n°), while T k4. is equivalent to DTIMEF(ng(n°)) (for no(m) = m, and ngi1(m) =
n(™)). This seems to refine and extend the celebrated recursion-theoretical characterization
of FP by Bellantoni and Cook [1] (hereinafter B&C).

Our data-type is like theirs: notations, and distinction between normal and safe variables.
Below FP we use a weaker substitution, and a stronger recursion; beyond it we add ramified
diagonalization. That is:

(1) Since our classes are not closed under substitution, this scheme has been drastically re-
stricted to (a) composition between constant-time operators; (b) the substitution mentioned
under (3) below.

(2) Simultaneous safe recursion is used to define n-ples of new functions. For n = 1, this
reduces to Predicative Recursion on Notations (PRN).

(3) Transfinite hierarchies are usually obtained by extending a Grzegorczyk-like sequence
E,(x) by means of a diagonalization of the form FEy(n) = E\,)(n); a new class &) is defined
by closure under PR< (that is PR limited by E\). Doubts about FP= PRN< + smash (cf.
sect. 1, §2 of B&C) apply word for word to this method: an operator too strong, limited by
an ad hoc function. The approach adopted here is different. We get a new class by applying
an un-limited operator A (ramified diagonalization) to a previously generated class. Thus
To(k41)+c consists of all functions of the form f = A(g,e) with e € Torqe and g € Ty, where
(following Kleene, {n} is the function coded by n)

f(x) ={gle(x))}(x) provided that A doesn’t occur in {g(e(y))}.



A works constructively, since it has just to run an enumerator. However, clause “provided
..7 1s not likely to be decidable.

An initial class Tg is defined by closure of the ordinary de/constructors under branching
and sequence composition. T.y1 is the class of all n-ples which can be defined by a single
simultaneous recursion in n-ples of functions in 7. To(rt1)4c 1s the class of all functions
definable by a single diagonalization in an enumerator belonging to 7 ic.

B&C acknowledge to Leivant [3] the foundational background of their result, and charac-
terizations from both points of view (recursion-theoretical vs provability) of the elementary
functions can be found in his recent works [4] and [5]. He used register machines to obtain
the classes DTIMEF(n¢), for all even ¢, in his [2] which dates back to 1994.

2 The Initial Class

1 Data N is the class of all (binary) numerals. w,... are variables defined on N or, in
certain cases (the safe variables below), on N* = N U {e}. u,...,z are n-ples of variables
(n>1). a; is the i-th element of x. a and b are letters in {0, 1}.

The lengths |x| and |x| are defined in the usual way. (u)" is the concatenation of n copies of
word u, and for n = 0 is ¢ (parentheses omitted when w is a single letter). n is 1".

2 Functions f(x1,...,2m;y1,...,Y,) maps N7 x N*” into N. Variables z; and y; are
categorized as normal and safe.

Given f(x;y), we write f(x;) for f(x;e,...,¢), and we say that y is absent.

f, g,...will denote n-ples of functions having the same number of normal and safe variables.
fi 1s the i-th element of f. We identify f with the 1-ple g such that ¢, = f.

FEach f can be written in infiz form, and in a suffiz (Polish, parentheses-free) form. We use
the former when readability is our main concern; the latter when f is the object of some
processing like coding, enumeration, or simulation.

#(f) and #(x) will denote the number of elements of f and x.

3 Modifiers The selectors, the de/constructors and the constant function are given by (y
not absent and x # ¢)

Uxy)=y;  C'Ge)==2e¢;  D(ra)=z, DiGa)=1-q¢;  Q(z)=0.

The modifiers are defined by closure of the selectors under functions C'*, D, and ). In
the infix form, selectors and constants are replaced by their values, while composition of
de/constructors are shown by means of parentheses. If ¢, ..., h are de/constructors or
constants, then the suffix form of (... (h(Ui(x;¥)))..)is U g ... hi.

f =90 917 B is defined by branching if we have (0 = w1, ..., U Ung1y .-y Unm)

flu)=t¢ wj=wvawithu#e then go(u) else g¢i(u).
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We get the conditional modifiers by closure of the modifiers under scheme B. An i-modifier
is a conditional modifier f, such that we have j =1 for all U; occurring in f.

4 Simple Tuples f is a simple tuple if each f; is an i-modifier. Thus f;(x;y) modifies y;
in a way which depends on the less significative bit of all x and y.

5 Simultaneous Safe Composition f =g h K is defined by scheme K in g and in the
simple n-ple h if we have f(x;y) = g(x; h(x;y)); that is if, for all 7, we have
fixy) = g% ha(xy)s - ha(x3).

6 Example (1) Givenu = qy...a,, define C;(u) = U C* ... C* 1. We obtain C;(u)(x;y)
= y;u. Define in a similar way the i-modifier Q,;{u)(x;y) = w.

(2) Let C(1) denote the n-ple C1(1),...,C,(1). Tuple C(1) C(1) K is simple, and its i-th
element yields y;11.

7 Initial Functions 7; is the closure of the simple tuples under scheme K. The form of
its elements is f(;y) with y assumed to be not absent.

3 The Hierarchy

8 Simultaneous Safe Recursion f = h g R, is defined by scheme R; in the basis
functions g(u;w) and in the step functions h(u;w) if we have

]ii(ovx;Y) = Y X
]ii(lvx;Y) = gi(X;fl(va;Y))
filza,x;y) = hi(x;f(z,x1))
f(x;y) = f(zi,xy)
f(x;) = f(x;x)

with 1< i < #(f) = #(h) = #(g) = #(x) = #(w).

9 Note The safe variables may be understood as program variables for storage of the
intermediate values of the functions being recursed upon. Hence, we need #(f) = #(w).
The rationale of clause f(x; ) = f(x;x) and of the restriction to functions of the form f(x;)in
Th. 16 is that: (1) the program registers are empty in the input; (2) when the computation
of g(x;y) occurs in the computation of another function, the values for y are assigned by
the call to ¢; (3) when a computation begins, the default value of y; is the input ;.

Clause #(f) = #(h) = #(g) says that we have as many defining as defined functions. In
practice we may obtain 1 < #(f) < #(x) by taking some selectors as step functions. Under
these comments we may regard the PRN scheme in B&C as a particular case of the present
one.



10 Iteration Let us write h 7 for h h R;. Since we often use definitions of the form
f =h I, we find expedient to regard [ as an independent scheme, with its own code, not as
a particular case of R.

11 Example Define sum = C1(1) [ and sq = sum [ (see 6 for C1(1)). We have

) = C)Gsmm(0,z;y)) = yl
sim(za, 73y) = C(L(Gsum(z, z;y)) = ylz(l

©(0,25y) =y
sa(l,x;y) = sum(a;sq(0,25y)) = ym
sa(za,z3y) = sum(aisq(z,27y)) = ylef([[+1)

sa(z;y) = ylzl-lyl; sa(n) = n(n+1).

12 Codes Tuples are built-up from shorter expressions by means of a symbol ¥ from a
collection Xy, ..., Y, of symbols U, C*, Q, R, [,A,.... T, and perhaps of a positive number.
Define 22':;'0 and 7 =n 4 c+10. The code f forf=g; ...gr [ Xis g gklZ If f is
a simple tuple then f is fl e fn T.

13 {a} and {f(x;y)} are the tuples coded by « and by the value of f(x;y).

14 Ramified Diagonalization f =g h A is defined by scheme A in g(z;) and in h(x;)
if we have

f(x;) = {g(h(x1;); ) H(x; ).

15 The Hierarchy (1) 7, is the closure of T under all schemes above but A.

(2) 7. is the subclass of T, definable by recursion depth ¢ (that is, all basis and step functions,
if any, used to construct f € 7. belong to some Ty, with d < ¢).

(3) For all £ > 1 define T = Ugcwr Ta-

(4) Class Toy(kt1)4c (¢ > 0) is the class of all functions of the form

ghA (9 € Tis h € Tokge)s

under the unconstructive restriction that A should not occur in {g(h(y;);)} for any y.
16 Theorem For all £ > 0; ¢ > 0 we have DTIMEF(n;(O(n%))) = {f(x;) | £ € Topsc}-

Proof. In Lemma 20 we show that for every ¢ : N +— N which is computed by a TM in
time O(nk(O(n))) there exists an m-ple f € T 4. such that fi(x;) = ¢(x).

Conversely, in Sect. 5 we show that for each m a TM IN depending on m can be defined,
which plays the role of interpreter, in the sense that, by input an appropriate code f for
f(x;) € Tokte and an m-ple x, IN returns the values of all f;(x;) in time 3nk(|f|2k+22nc)
for n = |x|. To handle the diagonalization scheme, an interpreter is needed, instead of mere
simulation.



4 Simulation of TM’s

17 Lemma For allh € 75 and 0 < [, ¢ < w, the iterators h, € 7. can be defined, such that

ha(x;) = h 1l [*(x) (21 #0),
forh 1 1(x) =h(;x) and h T n 4+ 1(x) = h(; h T n(x)).
Proof. Define hg; = h (h K)'~1; h. ;= hgy ¢! (=hy 1).

We obviously have hg(;x) = h 1 {(x), and we show that h. (z,%x;) = h 1 a7 Y2|(x).
Induction on ¢. Basis. Like under Ex. 11. Step. Side induction on |z|. Step. We have

ﬁc+1 (za,x;) = hy(x; HC_HZ(Z,X;X)) Def. 10 of [
=h1 l|:1;1|c(flc+1l(z,x;x) main L.H. with |z¢| as z
=h 1 laz°(h T {x|]2](x)) side [.H.
=h 1 (o] + la[*]2))(x) =~ T la]fza|(x).

18 Note Last lemma, with the 1-ple C' (1) as h, gives Ci(1)u(x;) = @ l|z|°,

19 Lemma For all h € Tg, the exponential iterators hy € T,pi. can be defined, such that
hia(x;) = h T m(x) (for some m > ng(In®) with ay # 0, n = |zy]).

Proof. We divide this proof in parts. (I) By defining (see 6 for C;(u) and Qi(u))
0.a:)=a  elay) = Qulha )(2)  Eya,a;) = Oy, 23))

we obtain

é(x;) = é(x, ;) = ho 1171, {&(a;)} = hy 171, (1)
(IT) Define (see proof 17 for h. and Note 18 for C1(1)y; Ci(1)y is hy for h = C(1))
ho, = hcl; hk+1 o =c Cl<1>kcl A. (2)

(I11) We show that the result holds for the construction of part (II).
Induction on k. The basis is Lemma 17 (with m = ng(In®)).
Step. Observe that 1. H. (with C1(1) as h) and Note 18 say that we have

Ci(Dret(y:) = Cr(1) T M(y) =y M for some M = |y[«(]yl°). (3)
We then have
hip1a ={e(Ci(1)kalx1;); ) Hx;) Def. 14 of A and equation (2) above
= {é(x1 M;)}(x;) [.H. in the form of equation (3)
= hy ["H+M(x;) equation (1)
=h,1ami(x;) proof of Lemma 17
= h 1 /0 HM)(x) Lemma 17.

The result follows since M > ny(In¢) obviously implies n"*M > n; ., (In°).
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20 Lemma DTIMEF(n;(O(n°))) C Tokte-

Proof. We may assume, without any loss of generality, that each ¢ € DTIMEF(n(O(n°))) :
N™ — N, is computed by a TM M with m push-down tapes over alphabet {0, 1}, which
(N = maxi(|z:]) — |1ls n = Jx])

(a) starts operating with the arguments x;4; for ¢ in tapes i + 1; and with 21 0 N in tape 1;
(b) stops operating with the value of ¢(x) in tape 1, in time O(ngx(O(n%))).

We can define: (a) an appropriate representation of the instantaneous descriptions (ID) of
M into N™; and (b) an m-ple of functions nxt(M) € T taking the ID’s into the next ones
(we won’t give details about this, since it is known from literature that it can be done in
any vectorial word-free algebra, built-up by closure under composition and branching of the
usual de/constructors). In particular, we assume that nzt(M) leaves its input un-changed
when M is in its final state.

The result follows by last lemma, since the behaviour of M is simulated by the m-ple simp; =
nxt(M )y for some [.

5 Simulation by TM’s

21 As mentioned in the proof of Th. 16, we now introduce a family of interpreters IN that,
by input the code f for any f € 7, (a > 0) and x, return f(x; ), within the promised amount
of time. To this purpose, we adopt the following conventions.

(1) Given n, IN is a TM with 3n + [ 4+ 3 semi-tapes over an alphabet of cardinality >
2max(n,c), including: a letter % for each one among the ¢ letters X = U, ..., T which may
occur in the description of f; a digit d; for each ¢ < ¢*; and some markers -, 1,7 %, ...

(2) X, Y and Y* are tuples of tapes Xo,..., X, Y1,..., V., Y5, ..., V5. Some tapes will be
used as stacks, whose records, if data, are separated by a dot. Since a word in a Polish
suffix language L. cannot be a suffix of any other word in L, stacks of function codes don’t
need separators. On the top of Y, there is the current value of the sub-function g; of f being
simulated. F' contains a stack of (codes for) sub-funtions of f. If ¢ is on the top of F, then
it is executed and erased, or its sub-functions are un-nested and pushed into F. G,..., H
are [ scratch tapes. See 27 for the role of Xy, W and D.

(3) If A denotes a tape, then A u means that u is in the |u| cells at the left of the observed
symbol. Expression A u is short for Ay uy,..., A, u,. A production of the form

M: Au,Bw,... = Au" ,Bw",... [T]

means that M takes a tape configuration A u, B w,... into a configuration A u*, B w*, ...
(a) without scanning the parts of A, B, ... at the left of w,w,.. ;

(b) within time 7' (one move per tape allowed in a single step).

We omit the tapes having no influence, and T" when not yet estimated.



(4) When [N starts operating, f and x are in the first cells of F' and X, while everything
else is empty. When it stops operating -f(x;) is on the top of Y (cf. Note 31).

22 Parsing In several constructions (for example in the implementation of prod. 1 and 2
of 23) we have to parse and copy (or erase) a word u in a Polish language L. This takes time
3|ul, since each one of the following tasks requires time |u|: (a) copying u into G, by pushing
meanwhile a d; in H at each letter of arity ¢ > 0 (for example, d,, at each T — cf. 12); (b)
decreasing by 1 the top symbol in H at each arity 0 or popping the sequences of consecutive
di’s; (c) copying back u from GG when H is empty.

23 An interpreter for 7, Define (U= X,,...,X,,Y1,....Y,)

INg = while  the top symbol of F belongs to the alphabet of Ty do

1 FghkK = [Fg?h
2 Féoinl B, U = g b=0ifu=wa (we)
3 ngi/z* = F7 K*g g:CavaQ;
4 FU = F
while  (F1or F =e¢) and Y*#¢e do
5 F Y Cn Y, = Y7, Y
6 FYQ, Y, = Y5 Y0
7 F-, YD, Y ua = Y~ Yiu
8 F Y D, Y -a = Y~V -1-a
end while 7 = F end while.

24 Comment To rule conflicts between data protection and simultaneous processing,
bookkeeping of operations to be performed on Y; is held in Y;*. Since the complexity of
erasing a whole record would interfere with next lemma, a new record -0 is pushed into Y; at
each Q(U;(x)). This causes some obsolete information to be accumulated in Y (inessentiality

of this fact is discussed in Note 31).

25 Lemma For all f € T5 we have (N = [f])
IN, : Ff, Xx, Y-y = F, Yv-f(y;x) [5N].
where v; is absent if no (); has been applied, and conveys obsolete information otherwise.

Proof. Observe that (a) Note 22 applies to prod. 1 and 2; (b) prod. 3 requires time |g|
(when the gap 0 at the end of ¢ is reached, the machine knows g, and can write the single
symbol g in the course of its next step); (¢) prod. 5-8 require one step for each symbol stored
in X*. The result follows, since prod. 1 can be carried out during the simulation of h, by
using the scratch tape K (instead of H as suggested in 22) for its parsing stack.



26 The Interpreter Define

IN = 0 X x, Y = X x, Y  x
while F not empty do
1 Fge = IN,
2 Fgl, = Fggh
3 Fgh, Xioau, Xo, W = FRgr X,au, Xo-a, W-u
4 F g, Xo-0 = F, Xo-0
5 Fg* Xol = ng,A . Xol
6 FhR W au, Xy = FhRh, W-u, Xoa
7 FhR Wea, Xy = ['!lh, W Xoa
8 Il Xo-u = F, Xo
9 Fg@A = FgAh
10 FgA, Xiu, D, Yi-w = F+ ¢ Xiw, Du, Y,
11 F+ Xjw, Du, Y-z = Fz, Xy u, D, Yi.

27 Comment (1) All f € 7. are simulated on site, in the sense that f; is computed on
tape Y;, without any transfer to other tapes. This explains why the time estimate of next
lemma is independent from |y|.

(2) Tapes X and W contain two stacks of m current values for the principal variable of the
sequence of m < ¢ nested recursions being simulated. Recursions are simulated from below:
for z = waw, when f(u,...) has been simulated we have aw on the top of W, u on the top
of Xo, and in next repetition ¢ moves from W to Xj.

(3) Assume f =g h A. h is un-nested by prod. 9 and its value w is computed and pushed
into Y;. Since this w is the input for g, prod. 10 saves x; in tape D, and stores w in Xj.
Finally, prod. 11 pushes the code z = g(w;) = g(h(x1;);) into F.

(4) Tapes Xo, W and Y are used as stacks, while at most one record may be stored in the
other tapes; presence/absence of - in some of the productions depends on this.

28 Lemma For all f € 7. (0 < ¢ < w), and for all x, y, u we have (N = [f]; [ = max(2, |x|))
IN: Ff, Xx, Y-y, Xo-u= F, Yv-flu,xy) [[£]21],
where u may be absent in e and Xy, and v is absent or conveys obsolete information.

Proof. Induction on ¢. Basis and step. IN produces the following configurations

1 Fhg R, Xilu, Xo, W =5 FhRg Xo-1, W-u

2 FhRRg, Xo-1, Xx, Y -x =1.H. FhR Y - g(lxx)
3FhRWau Xol =g FthWuXo la

4 FhRh, X,- 1a Xx, Y- -glx;x) =11 FhR Y h(la,x;g(l,x;x))

5 = prod. 6 and LH. for |z;| — 3 times
6 FhRWaXO =;  F'h, W, Xo-x

7 F'h, Xz, Xx, Y- -f(w,x;) =11 'L Y- -h(z;,xf(wx))

8 F1 Xp-ai —F X,
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where (a) it is assumed that the form of fis h g R;, (g,h € 7.), and that 2; = lu (since
this case is worst than x; = Ou);

(b) the numerical subscripts to = refer to the applied production; and subscript I.H. should
be replaced by Lemma 25 for ¢ = 1;

(c) tapes that remain un-changed are omitted at the right-side of =

Complexity. Prod. 3,4, 5, and 8 are applied at most once in time 7} < 3N 4 3[. For |z;| <
times we then apply prod. 6 and we call IN with g or h on the top of F'; by L.H. (or, for ¢ = 1,
by Lemma 25), since |h|, |g| < N —5, each repetition takes time Ty < 3(N —5)+ (N —5)2/%.
By summing-up we obtain T, + {1, <3N 4+ 3l + {(3(N —5) + (N — 5)2ld) < N2[4+L

29 Claim Runtime for /N by input any f(x;) € 7, is < N (N = |f|, [ = max(2,|x]|)).
Indeed, by 12, we have |I|,|R| > 5, and, therefore, f € Tjy/5. Our claim now follows since
by last lemma we have N2[IN/BL < [IN/5l+2log(N) <IN

30 Lemma For all f € 7 1. we have (N = |f|; [ = max(2,|x]))
IN : Ff, Xx = F Y -f(x;) [R(N2GFD[),

Proof. Induction on k, with the basis (k = 0) already proved by last lemma. Step. The
form of fis g h A. IN produces the configurations listed below

1 FghA =y FgAh

2 FgAh, Xio, Yy = FgA Yih(as)

3 FgAv Xy xy, D, Yy h(2yy) =10 '+ g Xih(2;), D, Vi
4 F + g, Xih(z1), V1 =rn. ' +,Y1 g(h(21;);)

5 F 4, Xih(xg;), D-ay, Y1-g(h(xr;);) =u Fglh(x);), Xy, Y1, D
6 Fg(h(xg;);), Xx =rm. Y -{g(h(z1;);)}Hx).

Complexity. Define M = max(|g], ||h|) Time T; (1 = 1,...,6) for line ¢ is given by:

Ty = 3N by Note 22

Ty = l(M** D) by LH. applied to h, with & >0

15 = 2T, since me may infix the mark + while copying the value of h(xy;)
T, = M?T, by I.H. applied to g, with £ =0, ¢ =1, and |z| < T3

Ts = 27, to transfer g(h(x1;);))

Ty = [T by Claim 29, since, by Def. 15, A cannot occur in {g(h(x1;);)}.

By summing-up, since all other terms are neglectable with respect to T, we obtain a runtime
bounded above by 275 = 2/M*Te < MAAPEFVINEL < (N2 AP e) < [ (N2,

31 Note Requiring the result in X and all other tapes empty would increase the complex-
ity of IN by a factor 3, with respect to the time estimate T' of Lemma 30. Indeed the length
of the information stored in Y to be erased or copied into X cannot exceed T'. We conclude
that all £ € T,x1. can be simulated in time O(n(O(n°))).
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